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ABSTRACT 


Pattern involves classes, order and relations, 
three structures generally conceded to be the bases of 
mathematics, As well, they are embodied in the Piagetian 
concepts of conservation and classification, two mental 
operations postulated by the Genevans as necessary for 


mathematical understanding. 


The present study was designed primarily to 
investigate the pattern processing abilities of elementary 
school children. Five pattern processes (interpolate, 
continue, reverse, select and generate), two forms 
(geometric and numerical) and two arrangements (linear and 
matrix) cane incorporated into a hierarchy of 20 tasks. A 
secondary aim of the study was to determine the 
relationship, if any, between the children's pattern 
processing ability and their level of development in 
Piagetian conservation and classification at the stage when 


they are entering the period of concrete-operational 


thought. 


A sample of 1C0 Grade three children was selected 
randomly from 11 classrooms within the Edmonton Public 


School System, No adaptation classes of specially chosen 
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pupils were included; however, no restriction was placed on 
children of low intelligence or physical handicap. The 
battery of tests administered to the sample included the 
Pattern Processing Test, Piagetian conservation and 
Classificaiton tasks, and standardized tests in mathematics 


. achievement and intelligence. 


It was found that the Grade three pupils in the 
Sample were able to solve a wide variety of pattern 
processing froblems with varying degrees of success 
depending on the difficulty component built into the items. 
The performance of the children on the four generate tasks 
ranged from randomness to the production of sequences and 
matrices having more complex pattern descriptions than those 
presented by the investigator in the tasks with preset 
correct newene? Although a set of characteristics to 
distinguish the successful pattern processor does not emerge 
from this study, high performance on the Numerical: Matrix: 
Interpolate task, as well as high scores on mathematics 
achievement and intelligence, seen significant. 
Furthermore, it appears Petra child at Grade three level is 
unlikely to be highly successful in pattern processing 
unless he has the ability to conserve area along with the 


classificatory skill of class inclusion. 
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limited number of strategies indicated that the children 
tended to exhibit rigidity as well as logic of a sort in 


their unsuccessful efforts to solve pattern problems. 
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INTFODUCTION AND STATEMENT OF THE PROBLEM 


Since the beginning of man in recorded history, 
the phenomencn of pattern has occupied an important place in 
his culture. Klahr and Wallace (1970) pointed out that "the 
ability to detect environmental regularities is a cognitive 
skill essential for survival (p.243)." They add, "Man has a 
propensity to seek and capacity to find serial patterns in 
such diverse areas aS music, economics and the weather 
(pe-243)." Newhere is pattern more clearly displayed than in 
mathematics, whose relationships embodying order, rhythm and 
harmony can ke seen in artistic representation of all ages 
from the aye paintings of the Australian aborigines, 


through the artists of the Renaissance, to modern sculptors 


like Rodin, Moore and Epstein. 


According to Niman and Feldstein (1973 )}ey 
mathematics is itself an art, which “expresses beauty 
through a system of definitions, axioms and theorems 
(Bos ae Johnston (1968) added a warmth to his 


appreciation of mathematics as an art. 


The ideas, the logic, the patterns of mathematics 
op ip together in an elegant. harmonious way like 
the ‘sounds of a musical composition, the words of 


a poet, or the colours of a painting (p.328). 


| ¥tesed aeeediqu” ie atte ae 


rotedd. pobaoges wk. asm to vb 
ai gosig tans zoged. a8 beiquane! esd 
add” s6ud dn0 batasii cial corer) spstis® bon aden 
avitiapoe a es apbeetB Luger “tstaoacor vas seasld di | 
6 asd 5B" ,b68 qed? “ f SECS ay Levivaie rob tsksaeene 1 
nt untested. Lsitee baht ot ytiosge , 
iedteqw ~odt Bas: sciwonons | | don as -es978 eae | 
ad oasis beysigate ylasod. oo siaichnsnis azedvou Pet 
bas adyyds ,29BHo ciel  anEeN -9808y soot 
eeps ffs. 20 ao bee date 


ie 
.2entpirode”. auetwenilh ett, ae 


arosqi soe aration ‘on ‘oon 


* 


ai 
nh 


i tiie 


w(erery ato seb bas eis ai” es 


emeitosd+ ) bas 


of th a pe ip 
aia iN 


Gr. 


dtazew 


In his autcbiography, Hardy (1967) claimed that "a 
Mathematician, like a painter or poet, is a maker of 
patterns. If his patterns are more permanent than theirs, 


it is because they are made with ideas (p.84)." 


That pattern is basic to mathematical 
relationshirfs is confirmed time and time again by the great 
mathematicians. In fact, the philosopher-mathematician 
Alfred North Whitehead (1968) declared without qualification 
that “Mathematics is the study of pattern (p.106)." 
Moreover, he specified that “for the purposes of education 
mathematics consists of the relations of number, the 
relations of quantity, and the relations of space (1929, 


p.83)." 


There seems to be no justification for Whitehead's 
view of mathematics being restricted to higher education or 
even to the secondary school. Yets "stich 77a’ *notron: "of 
mathematics-in-pattern is not reflected in the widely used 
elementary programs, which encourage a minimal awareness of 
pattern. “1f “pattern” activities “are”~ “included, “tthey “are 
usually found in the enrichment exercises for the most 
successful pupils. The young school child, not yet at the 
stage of abstract thought and not necessarily a high 
achiever, can hardly be considered a knowledgeable 


mathematician. Nevertheless, if mathematics is accepted as 
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an essential part of the elementary school curriculum, he 


deserves the opportunity to experience mathematics through 
the study of pattern, an integral part of the 


mathematician's craft. 


Further evidence to justify the claim that the 
topic of pattern has a legitimate place in the content of 
school mathematics is provided by the psychologists who 
concentrate cn the epistemological aspects of mathematics. 
One such researcher is Scandura for whom the aim of 
mathematics education is not to produce mathematicians so 
much as to develop students "who think creatively, who can 
think like a mathematician (Scandura, 1971, p.6)." From his 
analysis of the mathematical process, he has listed six 
processing skills. The first of these is "the ability to 
detect Se tent i asss which involves "perceiving a pattern 
or drawing out or abstracting that which is common to a 
number of examples(p.6)." Another psychologist, Margaret 
Donaldson (1963), oi « used problems involving series 
extrapolation in order to examine children's. thinking 
processes. She commented that successful solution is often 


based on "an inarticulate feeling for rhythm (p.137)." 


Although it may be argued persuasively that 
experiences in pattern should be included in the content of 


elementary mathematics programs, their appropriateness to 
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the child's level of cognitive growth should be considered 


as well. The psychological theory that seems to have most 
relevance tc elementary school children is Jean Piaget's 
notion of developmental stages with specific reference to 
the advent of concrete-operational thinking, a necessary 
condition before a child can form abstract mathematical 
concepts (Piaget, 1953). Two characteristics of a child who 
has reached the concrete-operational stage are conservation 
and classification, mental structures which Piaget maintains 
are important fcr mathematical understanding. Piaget's 
claim is supported by other researchers such as Almy (1966), 


Cathcart (1669), Reimer (1968) and Riggs (1970). 


In the introduction to The Early Growth of Logic 


in the Child (Inhelder & Piaget, 1969), a research report on 


the development of classification and seriation, it is 
stated that "a part of Piaget's thesis is that a correct 
understanding of classificatory relations is essential to an 
adequate concepticn of number (p.xvii)." With. regard to 
conservation, the acknowledgement that a specific property 
of an object remains invariant despite transformation in 
another property, Piaget (1965) has written: 
In a word, whether it be a matter of continuous or 
discontinuous qualities, of quantitative relations 
perceived in the sensible universe, or of sets and 
numbers conceived by thought, whether it be a 
matter of the child's earliest contacts with 
number ocr of the most refined axiomatizations of 


any intuitive system, in each and every case the 
conservation of something is postulated as a 
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necessary ccndition for any mathematical 
understanding (p.3). 


Mathematicians of note have pointed out the 
intimate relationship between pattern and mathematics. 
Research, forr in Geneva and elsewhere, has supported 
Piaget's ccntention that a child's mathematical 
understanding defends on his prior attainment of the mental 
structures of conservation and classification. It seems a 
natural extensicn of the relationships among pattern, 
mathematics and developmental psychology to consider the 
nature of the process of pattern and its place in a child's 
cognitive development at the stage where he is entering the 
period of concrete-operational thought. Thus we would be 
taking another step forward in our knowledge of how children 


learn mathematics. 
THEORETICAL FRAMEWORK 


Illustrations to support the contention that 
pattern is integral to human experience are followed by a 
summary of the generally inadequate psychological theories 
and research pertaining to pattern as a process, The major 
discussion will focus on the pattern process as a_ synthesis 
of the Mcther Structures of the Bourbaki School of 
Mathematicians and Jean Piaget's mental structures within 


his theory of cognitive development. To conclude this 


eds | #80 agate aved ae 


‘Letnom aft to daountosde qolng ed 0 
8B euene “FF “sto f¥en8t leeels ‘Bas a0. no, 


‘te Lovitz iedagon ee 20, 


aut sbol 20>. On 


: ai ia 
tain, oe: pit | 


wy eh : oly 


ar 
uae 


bs trog gue aed “tsinasio™ “pa 


fssisstoltee © a'biids P “Ss 


ee 


<T1943 5H paous aqlitaaoitsiog oe to my > 

943 Tebhbse cod ov i ve phate Meier fee oa 
Oy RG. ats © i 

ong pitas 2i on oxeity he al ba? ye Wee tba ey 

ed Higow ew endt eevods Aanobtexoqo-es979169 to bots 


or BbLids. wou ‘ho | svbatvont we ni baserod oe doped ey 


od) 


getdéeds _taolgdkedaag os ‘ 


etesdtnye B Gh. aevoghe . tig as ‘6 
. ‘ 


; Ca ee ee, 
: — a eo : “0% iy 
y ay i he as =. , ie By : ey 
; mi ot’ 


abate actut uns : Ensen A 3 nS esdetsensoen © 


a 
. 
a a 
— 
————— 


section the hierarchy of tasks will be discussed, with 


particular reference to the contribution of information 


processing research. 


Pattern _and_ Human Experience 

For the human neophyte, pattern has its beginnings 
in experience of the environment. The recurrent 
regularities of eating and sleeping, of daylight and 
darkness, extend to contact with the organic world where 
pattern can be seen in the stumps of trees, in the 
honeycomb, in the arrangement of the petals of a 
chrystanthemum. C*Arcy Thompson's On Growth and Form (1966) 
is devoted entirely to examples of environmental patterns 
which he often attempted to represent in geometric forn. 
The piologically-orientea Piaget has commented that "every 


living being is arranged according to different plans of 


symmetry (Beth & Piaget, 1966, p.203)." 


Complementary to the . structures inherent in 
natural objects is the ability to recognize and distinguish 
different patterns, a fundamental property of living 
organisms, according to Dodwell (1970). Thus pattern can be 
considered a two-way contact between man and the natural 
world. Newell and Simon's (1972) statement that "man is the 


mirror ‘of the universe in which he lives and all he knows 
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Shapes his psychology (p.866)" endorses the integral 


relation between pattern in the environment and human 
experience. Whitehead (1929) commented that "the notion of 
the PnpoOEtance » of ..pattern) is , as old, as, civilization 
(p-1C09)." A natural parallel can be drawn between the 
generic characteristic of man to seek structure in the world 
(Wertheimer, 1970) and a child's increasing experience with 


pattern. 


Pattern_in_the_ Psychology Schools 

Since the rise of psychology as a discipline, the 
study of pattern has proceeded along two divergent paths. 
One group, especially the Gestaltists, concentrated on shape 
pattern within the field of perception, while the 
Peeanaiaaicne interested in measurement used patterns, 
usually in the form of numerical series, as the vehicle for 
intelligence testing. More recently, this kind of use has 


been extended to the study of thinking. 


Perception and pat et . The Gestaltist School . of 
Psychology, founded in Germany, maintained that there is an 
essential unity flowing through nature (Perkins, 1969), and 
that each natural phenomenon is "a whole, whose structure 
can be explained neither by the qualities of its single 


elements, nor by the relationships between these elements 
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(Arnhein, 1943, p.72)." The whole cannot be inferred from 
the parts taken separately. Thus the emphasis is on 
“organised wholes, separated from the other wholes but 
united within themselves by their dynamic patterning (Hill, 
1971, p.96)." Because of their emphasis on wholes, the 
Gestaltists were not concerned with the pattern process. On 
the other hand, their "perceptual good form" causes no 


conflict with the idea of pattern as recurrent regularity. 


A similar situation is observed in the work on 
perception by psychologists such as Gibson (1969), the Picks 
(1970), Vernon (1962, 1970) and Zaporophets (1970). They 
have looked at perceptual development and learning in which 
perception is the process. Where pattern appears in these 
studies, it is as a product are a vehicle for the overt 


manifestation of perceptual activity. 


Furthermore, on the basis of extensive research, 
Piaget (1969) concluded that perceptual activity is not a 


sufficient ccndition even for the recognition of relations. 


Since the turn of the century, pattern in both geometrical 
and numerical forms has been the means of much psychological 
measurement of intelligence. Tests with sections on pattern 


include the Weschler Intelligence Scale for Children, SRA's 
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Ability, and Cattell's Culture Fair Test of g. Thus it is 
clear that psychologists consider pattern to be one of the 
keys to the measurement of cognitive functioning. Yet the 
authors of these tests seemed to assume that the solution of 
numerical relaticnships provides a measure of intelligence 
because such items differentiated between subjects. 
Goodness-of-fit cf scores to a normal curve was apparently 
the criterion for item selection. None of the manuals for 
the tests menticned include a discussion on why, for 
instance, number series are used. Writing in 19267 
Thorndike ccnceded that "all scientific measurement of 
intelligence that we have at present are measures of some 
product SEE by the person or animal in question 
(Thorndike et al., 1926, p.11)." However, Raven (1954) gave 
some rationale for his Progressive Matrices (1938) which 
test a person's capacity to apprehend meaningless figures, 
see the relations between them, and by working out how each 


figure should be completed, "develop a systematic method of 


reasoning (f.1)." 


A typical example is the work of the Thurstones on 


Primary Mental Abilities. In their two monographs 


(Thurstone, 1938; Thurstone & Thurstone, 1941), the concern 
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wearboOrestatisticai” atalysis-"oL thes sixty™ tests. These 


psychometrists admitted that "the number factor can be 
appraised in educational achievement tests, even though the 
fundamental nature OfY NUMSrT Cat! ethinkingy "is* Hot” yet 


understood (Thurstone & Thurstone, 1941, p.5)." 


Margaret Donaldson's (1963) search of the 
literature ccnvinced her that test constructors have not for 
the most part acknowledged the need to question, for 
instance, the nature of the pattern process demanded by 
their items. "There is now a tradition in the choice of 
intelligence test items; but as a rule no theoretical 


justification can be offered (p.11)." 


One exception may be Guilford (1967) who 
formulated a model of the structure of the intellect. He 
did at least recognize that the trend type of test for 
relation-cognition abilities is closest to the Piaget 
concept of seriation and can be presented in various forms, 
including figural (geometric) and the matrix. However these 
comments were limited to a single paragraph and did not 


pursue the nature of the process tasks involved. 


The measurement specialists, nevertheless, have 


contributed to our knowledge of pattern, particularly with 


regard to inductive thinking. Using university students as 
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his sample, Thurstone (1938) found five tests with 


Significant, saturation. in. the... factor-I. (Induction)... The 
characteristic common to these tests was that they "demanded 
the subject to find a rule or principle for each item in the 
test (p.86)." Two of these tests designated as Number 
Series, which had the highest loading, and Pattern Analogies 
involve recurrent regularity. In the 1941 study utilizing 
high school students, there were six tests in which the 
factor I appeared significantly. Of these, Letter Series, 
with the highest loading, and Number Patterns were of the 


trend type. 


hinking. In contrast to 
the psychometrists whose efforts have been directed towards 
analyzing intelligence, there are other psychologists who 
have concerned themselves with thought and associated 
ccnstructs. However, relatively few researchers have 
concentrated on thinking, the term itself having a 
ccnnotation of activity. Among these are Frederick 


Bartlett, Margaret Donaldson and Jerome Bruner. 


Bartlett (1958) was particularly interested in 
finding the most likely strategies used by adult subjects to 
solve serial prceblems. He investigated number and 
orientation series which required either interpolation or 


extrapolation. He noted that extrapolation is “usually 
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considered tc make more difficult demands than interpolation 


(pe3eype" His own results supported this view, as did 
Donaldson's 1963 study in which ten-year old children tended 
to substitute interpolation for extrapolation when faced 
with alphabet proktlems. Thus to continue a series is likely 
to be harder than to fill in gaps. This evidence can be 
cited when the order of difficulty of pattern tasks is being © 


ccenjectured. 


Series extrapolation problems provided Donaldson 
(1963) with the data for analyzing errors in children's 
thinking. She listed four main variables in problems of 
this type as a) the nature of the terms, b) the complexity 
of the terns, c) the complexity of the relationships between 
the terms and d) the computational difficulty. She also 
pointed out that the end from which the series is to be 
extended may affect the difficulty. Because of the way 
books are fprinted in the Western world, the left-to-right 
movement seems to be more natural. In fact, Piaget (1969) 
pointed out that it is a habit which becomes irreversible. 
"Tt would necessitate a whole new learning process in order 
Pewlurrte «from “right to-lefrr {(plszZ). "ence To continue a 
Series “to°*the “right ”**can°“be° speculated” as” “being “fess 


difficult than the task of reversing the series to the left. 


An important finding of this study pertains to the 
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age of the succcessful subjects. Donaldson stated that in 


the course of the period from ten to twelve years, "these 
children came to understand what it means to extend a series 


(p.148) ." 


Although Jerome Bruner in his study of thinking 
has not specifically investigated patterns in geometric or 
numerical form, one particular experiment on multiple 
ordering is pertinent. Subjects were presented with a set 
of nine plastic glasses varying in three degrees of height 
and three degrees of diameter. When the tumblers were 
scattered, children of five years and older were able to 
restore the original configuration. The situation was 
repeated with a tumbler positioned by the investigator so 
that a reverse transposition was required. Bruner (1973) 
reported hag the seven year old, in contrast to younger 
children, 


is more likely to paeese to treat the 
transposition aS a problem, to talk to himself 


about "where this should go." The relation of 
place and size is for him a problem that requires 
reckoning, not simply copying (p.341). 
As the number of possible errors was nine, and there were 
only ten subjects aged seven years, the mean number of two 


errors seems quite significant and indicates that even older 


children may have difficulty in reversing a matrix. 


Even though their aim was not particularly to 


er 


esisee 6 oaeae9 ot aneoe “0 os f “ _ : 
- a oes | | | 
pndnt.a to Yyamee Bhd. ni Nee pa 
20 obo teqesp a eto? tq beraoisee ny : ‘ 
elqislvem ao rantzooxe astuivisa see ato | £ 
tor ; tiv betepaeta s198 atperdue “gtmaaasae 
téeted ae 299 tpeb eazd's | ad ROLE PeT aeanele. aiveetq “oe 
e198 aialdmaet edt neal yReteantd te. eaomeh, oaads 
of olds stom ashie: ban ansey, awth. 2M), vorbis vie: Ot, 


aaw noltsictte, ad? stoktenie tno, Iaabeise ye 


8 104 apiteonei’ ad we haaoisieos agidaut.. 5 _ tin be 
: bh, ile Ter} easy shemiupies ee gonvznogeants, aaseven a 
tepapoy oe: ed ce ia lade cathe} late hia ba 


Si 


he me is oe yn a i i rine 
ot: sans ; 
ifeemta of oF cies sd) 
20. totteler. of%. 
iaedasoh ad els ber 


Boi: i onaw ened \Ban sane ew sete els tes | 
aa x0 xedmua aneit ong seTHeY oven! bees aroet: jbl 


1edL0. news ee eotsotbat bas saat diapie-9ohup amoge ex0n7e ” 


ig ‘ inten é eaiszeves ae Des sink hen i cdl 
-I a ‘ bs Aon : * ; One re i ee mo 4 F 

La 2 i. aD boy ed eo ie s,, Ai a hath ae ig on 
Up «Ot xfzeLuoteaeg Jom eee. ets aioat) Apposs dine. ie 
a Y i: a $ 


14 


analyse the nature of pattern, among them, Bruner, Bartlett 


and Donaldson have touched on a number of aspects of the 


pattern process. 


in the last forty years two intellectual giants 
have appeared. Jean Piaget has established an extensive 
psychological framework to explain the cognitive development 
of children. The other is "Nicholas Bourbaki" representing 
a group of eminent French mathematicians who have attempted 
a Similar task by constructing an architecture for the 
universe of mathematics (Bourbaki, 1950). Piaget himself 
has demonstrated the parallelism between the two structural 
systems. The synthesis of the Bourbaki and Piagetian 


structures frovides the construct of the pattern process. 


The Mother-structures_of the Bourbaki. _ Since 
1939, the abstract nature of mathematics as a whole has been 
the focus of study by the anonymous Bourbaki School. With 
emphasis on strictly logical arrangement and insistence on 
the maximum generality, the group has sought the fundamental 
structures which are common among all the different branches 


of mathematics. Instead of fragmenting mathematics into the 


traditional fields, the Bourbaki came to the conclusion that 
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there are three basic and irreducible structures, namely, 
the algebraic structure, the ordering structure and the 
tepological structure. From these mother-structures all 
other topics in mathematics can be drawn by combining, 


differentiating or specializing the fundamental structures. 


The algebraic structure can be illustrated by the 
operations of addition or multiplication each of which has 
the possibility of combining a direct operation with an 
inverse operation. The fork of reversibility negates the 
Operation and so froduces a null product when the direct and 


inverse operations are performed jointly. 


The pattern process exhibits this same structure; 
for example, a number sequence which involves successive 
doubling is nullified by the same sequence being halved. 
This process occurs whether the pattern is being continued 
or reversed in either direction. Similarly, for a geometric 
pattern where colour and shape are the properties being 
manipulated, continuation and reversion are complementary 


operations. 


The seccnd fundamental structure is the ordering 
structure which is based on relations. The structure 
imposed on real numbers by the relation of inequality is an 


example. A > B can be transformed into B < A by application 
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of the law of duality so that the relationship between the 


entities remains constant. Thus the two statements can be 


described as recifrocal. 


Patterns are sets of elements related by a common 
property, and obviously have an ordering structure. The 
feature of reprocicity is also present. The elements of a 
number series written from left to right express the same 
relationship when written in the opposite order. A matrix 
containing a geometric pattern based on colour and form can 
be reflected. Although the arrangement of the elements is 
different, the relationships within the pattern remain the 


same. 


Tcpological structures, which form the third 
mother-structure of the Bourbaki scheme, are based on 
concepts such as proximity, continuity, continuous 
correspondence and limits. In both linear and matrix 
patterns the idea of neighbourhood is evident. One of the 
obvious tasks associated with pattern is the requirement to 
continue. Even in the absence of instructions, humans have 
che natural tendency to continue a pattern, just aS in the 
physical environment. Sawyer (1955) drew attention to the 
close link ketween the notion of continuity and pattern 


which is "the cnly relatively stable thing in a changing 


wOorid “(p.12) ." 
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Pattern: A Piagetian operation. Piaget's 


Se we ee ewe eee See 


stages which have been clearly and briefly described 
number of puklicatiocns by Piaget himself (1964a, 1969, 


ASIA 1972) are: 


i. The sensory-motor, pre-verbal stage; 
ii. Pre-operational representational stage; 
iii. Concrete-operational stage; and 


iv. Formal cr hypothetic-deductive operations. 


developmental theory has been summarized by Flavell (1963) 
and in numerous studies, for example, Cathcart (1969), 


(1973), Reimer (1968) and Towler (1967). The four 


in oa 


1970, 


Central to Piaget's theory of the development of 


distinguishing the concrete-operational stage from 


predecessor. 


To know is to modify, to transform the object, and 
to understand the process of this transformation, 


and as a consequence to understand the way the 
object is ccnstructed. An operation is thus the 
essence cf kncwledge; it is an interiorized action 
which modifies the object of knowledge (Piaget, 
1964a, p.8). 


the particular transformation. 


An operation would consist of joining objects in a 
class, to “ecnstruct> “a*-classification. OEAT an 


operation would consist of ordering, Or putting 
things in a series. Or an operation would consist 


of counting, or of measuring (p.8). 


knowledge is his notion of an operation which is the feature 


its 


Piaget gave examples of operations, the emphasis being on 


actions which enable the knower to get at the structures of 
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These descriptions and categories can be applied 
to the pattern process equally well. This process 
incorporates tasks, so there is abundant action. It is 
interiorized since the search for further elements in a 


pattern requires mental consideration of the given elements. 


Ancther condition laid down by Piaget is that an 
Operation must be reversible, "that is, it can take place in 
both directions, for instance, adding or subtracting, 
joining or separating (p.8)." In the operation of pattern 


continuing cr reversing gives a parallel situation. 


A third property of Piagetian operations is that 
they Yare “néver™ “isolated; they “are “linked together into 
structures of increasing complexity. The pattern process, 
whether expressed in geometric or numerical form, by its 
very nature integrates classification of properties and the 
ordering of things in a series, both of which are named as 
operations. Thus the pattern process complies with all 
three conditions set out by Piaget to categorize an 


operation. 


Independently of the Bourbakian movement, Piaget also 


reduced "ihe individual mental structures built out of 
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Operations te "three kinds of elementary structures in the 


child, corresponding to operations of classes, relations and 
continuous transformations (Beth & Piaget, 1966, p.186)," 


all of which are froperties of the pattern process. 


According to Piaget, the operation OL 
classification is "in the simplest, most elementary form, an 
algebraic structure (Piaget, 1964b, p.35)," because the 
operation of the union of classes contains the negation form 
of reversibility, an inversion which amounts to annulling 
the original operation. As classification is a contributory 
operation within the more complex pattern process, it can be 


stated that pattern embodies this mental structure. 


The second structure in both the Bourbakian and 
Piagetian schemes seems to be identical except for the 
label. Bourbaki's "ordering structure" and Piaget's 
"relations" are equivalent concepts (Piaget, 1964b; Beth 6& 
Piaget, 1S€6). Similarly the reciprocal form of 
reversibility is a property common to both structures. 
Piaget (1972) pointed out that the notion of transitivity 
with its its reciprocal property is "tied to the 
structuration of a series (p.10)." Thus the pattern process 
with its emphasis on relational order is a manifestation of 


both mathematical and psychological structure. 
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The parallelism between the Bourbakian topological 


structures and Piaget's third mental structure of continuous 
transformaticns is strengthened when pattern is used to 
illuminate the two concepts. Pattern which involves the 
tcpological properties of neighbourhood and continuity is 
also an example of Piaget's continuous transformations. 


All operational subject structures ... | suppose a 
combination of production and conservation. There 


is always scme production, that is some kind of 
transformation taking place. Similarly there is 
always some conservation, something that remains 
unchanged throughout the transformation. These 
two are absolutely inseparable. Without any 
transformation we have only static identity.... 
Without any conservation we have only constant 
ehange, (1972, p.l7). 
In the pattern process, particularly in the numerical forn, 
there is transformation from one element or unit of elements 
to the next. No pattern can exist unless transformation 
occurs. Similarly unless a child can keep the relationship 
constant, his pattern becomes a random sequence or array. 
Summary. The interrelationships between 
mathematics, pattern and the operations of classification 
and conservation as representative of a psychological 
transformaticn in the child, are illustrated in Figure 1. 
Mathematics LS concerned with number and space. 
Mathematical understanding, it has been pointed out, is 
dependent on operational conservation and classification; 


hence, they are shown as part of the ediface of mathematics. 


Pattern can ke categorized as a Piagetian operation to which 
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conservation and classification contribute. With the fusion 


of these psychological operations pattern is recognized not 
only as part of mathematics but is identified as the very 
ccre of Mathematics Education. In this key position pattern 
becomes the embodiment of Bourbaki's mother-structures and 


Piaget's corresponding mental structures. 


From the literature, five pattern tasks can be 
abstracted. The crder of difficulty is postulated from a 
number of transitive comparisons. In the studies on 
thinking by Bartlett (1958) and Donaldson (1963), 
interpolaticn was found to be easier than extrapolation or 
continuation. From Piagetian research on operations and 
reversibility, tc continue a pattern from left to right is 
less difficult than the opposite task (Inhelder 6& Piaget, 
IS ot WE The order arising from these comparisons is a) 
interpolate, b) continue, and c) reverse. That selection 
should come next is based on a brief comment by Piaget and 
Inhelder (1673) in their study of memory and intelligence. 
In a test of recall, "five- to eight-year olds have greater 
ac bLCuLty “in selecting the right model than in 
reconstructing it (p.377)." Although memory was the focus 
of the research, it seems logical to transfer this finding 


to the present study of pattern. The generation of a 


rs 


qoiep? ono thew 1 


ball besiavovey “ osenge 


pop 2 owsoiNde-Tedtom: 


¢ 


ae i hi oe eben eye orm 
ad m59 elest are9sieq Dis omts abi “ede: Ca any 
s or? beteiodaigg ai xessottnes, 36 4 9b2 pgo.adt I a5 ented : 
no agkSY 42 rs at ‘eons Taguon iguagiduale: Pyne: i wa : 
REN) ace pisned | bas “qpeery Sietdzda gd! iEAa adds 
10 nok tpLOgeHyeS oni? adeno od oF ‘navot daw” “a9 i¥8to 
fs 01384800 ‘ah doasoaex asttoysés moat saavoans 
ai sdois oF oe tout ‘9900, rs evaitaco Nair ag 
paid ® a: ees sst8oqgo ‘ods ‘aed ae at q 
{6 @t 2a0 a irsao5. wont gork paieias: webI0 oat iis 


_ 


Hottsetee 50s be serve be: ‘pas ‘yonn2 3669) Ha ‘ 


bie swteal Ya. “om 1 i 
+ eda a ie te anes ( 


ee 


tedsezp eyed, Shite” soot! 


no! Aenad sf yde 00" baad 


(set: ce nom ‘piesavoaaal e i 
fat Pe vdineces edt * 


22 


MATHEMATICS 


CHILD DEVELOPMENT 


PATTERN 


NUMBER 
SPACE 


l 
{ CONSERVATION 
I 
L.— ~~ ——— —-——— 4 L,I 
| ; 
{ 
Se 
i 
i 
| 
pisses Sh 
| 
| CLASSIFICATION 
| 
—— 


(moore ee 


wee en nm wm ow He - = ==> 


FIGURE 1 


PATTERN WITHIN MATHEMATICS EDUCATION 


ee ee ee ee eT ee ee ae ee 


gs 


Tae uqore veo. are 


st dlna ah daaetieneiieenennaataien 


mre ee me FQ 


— 
Pars 


Amc vtinmd w 


—_ 


TA ie oye i oer hae 


ee cee Se ne ee ee Ue A ee Sc nr ee Ne ee tr eee Se ce nie 


. it 
Dae is hd 


2 yet re * A Ms a" = _ F ) 4 hi 
on tee en ue 7 
§ ec 


ee ak 4 Vane 
Lat a 8S Bh be 4 


23 


pattern requires the child to use the ability not only to 


devise a relationship but also to continue it. Dependent on 
the specific instructions, a child may generate a pattern by 
a reverse procedure. Hence to generate is placed last in 


the hierarchy of tasks. 


The domains of the pattern tasks for this 
particular study are constrained in two ways, namely form 
and arrangement. Geometric form involving the properties of 
cclour and shape, and numerical form limited to the set of 
whole numbers are the two selected. The order of difficulty 
is derived from Piaget (Beth & Piaget, 1966) who produced 
empirical evidence to indicate that classification by shape 
and colour comes earlier in a child's cognitive development 


than does knowledge of number. 


The other constraint is in the matter of 
arrangement. Once again the research of Piaget and his 
associates (Reth 6 Piaget, 1966; Inhelder §& Piaget, 1967; 
Piaget 6& Inhelder, 1973) is cited as grounds for stating 
that linear cne-dimensional tasks are easier than matrix 


two-dimensional ones. 


However, one question remains unanswered. Are 
matrix tasks in geometric form easier than linear tasks in 


numerical fcrm? Because an understanding of number depends 
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On operational classification, it is likely that at least 


the earlier gecmetric matrix tasks will be less difficult 


than any of the numerical tasks. 


The hierarchy of tasks is set out in Table 1. 


TABLE 1 


HIERARCHY OF PATTERN TASKS 


cr ee rs 
{ Pattern | Geometric { Numerical { 
{ i + +-—_——_—___ + 
| Task | Linear | Matrix | Linear | Matrix | 
———- — +—_———_+-—_——_____-++-—"- 
{ Interpeclate | A | F { K | P { 
| Continue { B { G | iF j Q | 
| Reverse | c { H { M { R { 
{ Select { D | E | N | S | 
| Generate | E { J { O | - | 
Ge Abs 145 cee en ee TT TS Oe eee 


The postulated order of difficulty for each column is from 
top to bottom. For each arrangement the geometric form is 
hypothesized as being easier than al cf corresponding 


numerical fcrm. 


The order of difficulty within a) “specific 
geometric task can be drawn from the psychologists focusing 
on information processing research. In developing 
experiments to study the mechanisms of thought and the 


acquisition of concepts, Allen Newell, Herbert Simon and 
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their Pittskurg associates (Klahr & Wallace, 1970; Newell §& 
Simon, 1972; Simon & Kotovsky, 1963) have incidentally 
provided a considerable number of linear pattern types 
ordered according to the amount of difficulty experienced by 


ycung children. 
PURPOSE OF THE STUDY 


The purpose of this study is to examine pattern as 
an operaticnal frocess in relation to Piaget's theory of 
cognitive development at the stage when abstract 


mathematical concepts are being formed in the child. 


The specific purposes are to examine 
I. the ability of Grade three pupils 
a. tc interpolate, 
Do to. continue, 
c. to reverse, 
d. to select, and 
e. to generate 


geometric and numerical patterns. 


2. the relationships, if any, of these pattern abilities to 
conservation cf 
ae number, and 


b. area. 
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3. the relationships, if any, of these pattern abilities to 
classification: 
a. additive classes, and 


b. multiplicative classes. 


4. the relationships, if any, of these pattern abilities to 
a. mathematics achievement 
b. intelligence, 
Cc. age, and 


dtsex. 


HYPOTHESES 


The following hypotheses will be tested: 

‘lie There is no simple structure derivable from Grade three 
pupils ability to 

ae interpolate, 

b. continue, 

c. reverse, 

d. select, and 

e. generate 
geometric and numerical patterns when set in linear and 


matrix arrangement. 


2. There are no significant correlations between Grade 


three pupils! api ity {to 
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a. interfolate, 


b. continue, 
c. reverse, 
d. select, and 


e. generate 


geometric and numerical patterns, 
conserve 

a. nhumber, and 

b. area. 
SB There are no significant 


three pupils! ability to 
a. interfolate, 
b. continue, 
c. reverse, 

and 


d. select, 


e. generate 


Zn 


and their ability to 


correlations between Grade 


geometric and numerical patterns, and their ability to 
classify: 

a. additive classes, and 

b. multiplicative classes. 
4, There is no significant correlation between Grade three 


pupils' perfcrmance on the Pattern Processing Test and 


ae mathematics achievement, 


b. intelligence, 
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Cc. age, and 


ad. sex. 


CLARIFICATION OF TERMS 
Pattern: A set or series of elements related by a common 
property or properties which allow for interpolation or 


extrapolation of further elements from the same set. 


Extrapolation: The extension of a series in accordance with 


some rale of relationship between the elements. 


Interpolation: The filling of gaps left ina series by 


elements acccrding to some rule of relationship. 


Ccnservation: A specific property of an object is said to be 
ccnserved if that property remains constant despite 


transformaticn in the shape and arrangement of that object. 


Transformaticn: The operation of changing the configuration 


of an object without changing the specific physical property 


cr properties being studied. 


Additive Composition of Classes: The organization among a 
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set of nested classes where each one is included in the next 


larger one. 


Multiplicative Composition of Classes: The partitioning of 


he basis of two different 


Pattern Tasks: An activity which involves pattern and 
requires a subject, for instance, to interpolate or continue 


a series. 
DESIGN OF THE STUDY 


The following is an overview of the research 


design. A more detailed account is reported in Chapter III. 


The population from which the sample was drawn 
consisted of the pupils belonging to 11 Grade . three 
classrooms in four elementary schools of an urban school 


board. The sample of 100 was selected randomly from this 


population. 


Instruments to investigate pattern processing and 
Piagetian ccnservation and classification were administered 


te each subject, either in group situations or individually. 
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As well, mathematics achievement, intelligence and number 


knowledge sccres were obtained for each subject. A simple 


cclour discrimination test was also administered. 


The data were subjected to factor analysis and 


Pearson Product-mcment correlations. 


ASSUMPTIONS 


It is assumed 
a. that a child's response to a task is a true 
representation of his mental activity at that 
time; 
bs that. motivational factors will sot influence 
significantly a pupil‘s performance on the various 


tasks. 


LIMITATIONS 


1. Short-term memory is obviously demanded in any 
task requiring cognitive effort. In the Pattern Processing 
Test items, the given information is always present and acts 
as an external memory (Newell & Simon, 1972). Hence the 


problem of memory is reduced though not eliminated. 
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Processing Test, learning may take place and therefore the 


order of tasks will be held constant. 


Sys The selection of particular forms and 
arrangements are constraints on the pattern tasks and _ so 
limit the pupils" exposure to the coloured geometric shapes 


and the set of whcle numbers. 


4. Lack of knowledge of number facts may affect a 
child's perfcrmance on the numerical pattern tasks. Rs?*a 
check on this variable, a test on the number combinations 
corresponding to those involved in the pattern tasks was 


given. 


SIGNIFICANCE OF THE STUDY 


Traditionally Mathematics has been a_ school 
subject avoided by students when they had the choice; yet 
"an appreciation of mathematical pattern is fundamental to a 
genuine acceptance of mathematics by our pupils as relevant 
+o their lives (Murray-Rust, 1971, p.60)." If such a clain 
is” valid, then the study of pattern should be an integral 
part of every mathematics program, whether in the elementary 


or secondary schocl, or even beyond. 


The prime importance of this topic may be 
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approached from another angle. A major goal of mathematics 
educators is that children should enjoy, appreciate and 
participate in mathematical situations (Johnson, 1968). The 
fOp2c Yor pattern’ lends’ itself to- this end. However, 
teachers need to be convinced that the topic is more than a 
recreational entertainment useful for filling in free time. 
If pattern is to ke considered a basic component in the 
elementary school program, knowledge of the pattern process 
and where it fits in a child's cognitive development become 
desirable. Hence the preparation of a Pattern Processing 
Test may provide a service to teachers who wish to learn 


more about the capabilities of their pupils. 


CUTLINE OF THE STUDY 


A review of the relevant literature will be 
presented in Chapter Il. Chapter III contains an account of 
the design and administration of the eeuconent aon, 
followed by a discussion of the research procedures and an 
evaluation of the instruments. The results of the data 
analysis used to test the hypotheses are contained in 
Chapter IV with a categorization of errors in the children's 
responses to the Pattern Processing Test in Chapter V. The 
final chapter, Chapter VI, includes a summary and discussion 


of the findings as well as some implications for education 
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CHAPTER IT 


REVIEW OF RELATED LITERATURE 


The two main topics considered in this chapter are 
the pattern process and the Piagetian concepts of 
conservation and classification. A survey of the literature 
on the pattern process begins the chapter. In the second 
section a brief description of Piagetian conservation and 
classification is followed by a summary of the research 
pertaining to the particular aspects being investigated in 
the present study, namely conservation of number and area, 
and the classificatory skills of additive and multiplicative 
composition. A discussion on the relation of pattern to 


mathematical ability concludes the chapter. 
THE PATTERN PROCESS 


Although, over the centuries, examples of patterns 
have been illustrated and discussed in the literature of art 
and music, nature and mathematics, the pattern process has 
been recently brought into focus by two distinct yet related 
groups of researchers. Through the use of pattern sequences 
in their. study...of ,thinking,,..frederick.,.Bartlett ,and his 


fellow researcher Margaret Donaldson have shed light on the 
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pattern preccess. Herbert Simon and his Pittsburgh 


associates have analysed the pattern process in conjunction 
with their work on artificial intelligence through computer 
Simulaticn. Both groups have contributed to the terminology 


which helps to describe more clearly the pattern process. 


Although they -"do''-not."\'as o*yet. "form ! ial" ‘body of 
literature, the isolated instances of reported research on 
pattern by mathematics educators provide a base for further 
exploration cf the pattern process within the mathematics 


curriculun. 


Within his major concern for the process of 
thinking, Bartlett (1958) gathered significant information 
about pattern almost incidentally. In accepting that 
thinking is "the use of information about something present 
to get somewhere else (p.24)," he faced the problem of 
finding more restricted forms of thinking amenable to 
investigation. The pattern process became central to his 
research with the introduction of the limiting factor of the 
"closed system", defined as one 


ossessing a limited number of units, or items, or 
benbers: nae those properties of the’ members which 


are to be used are known to begin with and do not 
change as the thinking proceeds (pss tes 


However, “the units, items or members, may be arranged into 
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a ‘Wariety cf orders» or: relations . (p. 23)..." Ae set... .0f 
specified shapes, the set of whole numbers and the English 
alphabet are all examples of closed systems within which 


patterns can occur. 


In reporting his investigations on thinking, 
Bartlett included brief descriptions of closed systems such 
as a set of eight particular words or 17 specified numbers. 
Detailed description was provided of subjects’ reactions to 
cryptarithmetic, a closed system in which every digit 0 to 9 
has its correspending letter and each letter is assigned a 
digit different from that given any other letter. The 
particular example of GERALD + DONALD = ROBERT was also 
used by the information-processors Simon and Newell (1972) 
to study the kinds of patterns subjects use as strategies in 


problem-solving situations. 


Although he admitted that the process of thinking 
had not yet keen adequately described or explained, Bartlett 
did isolate some dichotomous features of the pattern 
process. Within the context of the closed system, he 
distinguished between interpolation, the filling in of gaps 
where the terminal points are known, and extrapolation where 
at least one terminal point has to be satisfactorily 
constructed. In his consideration of either of these tasks 


he recognized that finding a rule inherent in a sequence is 
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"totally different from constructing a sequence of fitting 
items when ncne of them can be immediately perceived(p.35).™ 
In other werds, the successful extraction of a rule from 
information given can still be followed by mistakes in the 
identity of the elements within the system to which the rule 
is to he applied. This distinction was reaffirmed by 
Donaldson (1963) who referred to the difference between 
"structure Or principle and execution or application 


(ps 135) 4¢ 


Furthermore, Bartlett realized that the 
information available is of two kinds. Current information 
could be immediately perceived while stored information had 
to called forth from long-term memory. In’ order “to 
integrate .the two kinds of information, two mental 
processes, classsification and generalization, become 
involved. 


Items and groups of items making up the available 
evidence are specifically explored for features of 
agreement and difference. Those items and groups 
are picked out which display the greatest number 
of, or the most important points of agreement, and 
these are arranged in a sequence such that each 
successive step becomes empirically more probable 
than the preceding step (p.86). 


Finally, Bartlett pointed out that the ability. to find a 
rule lies not only within the human subject but also depends 
On structural features of the closed system such as 


regularity, symmetry and numerical grouping. 
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Although Bartlett was not exploring pattern as 
such, it did enter into his studies as one aspect of 
thinking. As a result he highlighted distinctive features 


of the pattern process. 


The overall aim :of Margaret Donaldsonts (1963) 
research was the same as that of Bartlett, her particular 
interest being children's thinking and its contribution to 
our “understanding of human intellectual development (p.34)." 
She was concerned about the current attitude of intelligence 
measurers whose pronouncements she believed were not taking 
into account the different qualities of thinking manifested 


by maturing children. 


Whereas Bartlett studied subjects verbalizations 
mainly for the positive heuristics expressed in their 
problem-solving behaviour, Donaldson, using the same method 
of thinking aloud but in a clinical setting, categorized 
children's responses with emphasis on the types of errors as 
indicators of levels of thinking. Children of ten and 
twelve years of age (20 subjects per group) were presented 
with logical problems on two occasions two years apart. One 
of the prcblems was a series extrapolation task involving 
the English alphabet; hence the relevance of Donaldson's 
work to the present study on the pattern process even though 


the aim and research methodology are different. 
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In order to analyse the children's protocols, 
Donaldson distinguished between the term "error", defined as 
"any flaw in the thinking process", and "wrong solution", 
defined as “a mistaken end result (p.35)." This view is in 
agreement with Simon and Kotovsky's (1963) contention, 
reiterated by Klahr and Wallace(1970), that there is "no 
uniquely defined correct answer to a serial pattern 
extrapolation task (Klahr & Wallace, 1963, p.536)." Errors, 
rather than wrong solutions, were sorted into three main 


categories, arbitrary, structural and executive. 


Arbitrary errors occurred when a subject ignored 
part aE the available information or added to it in his 
search for a solution. Guessing or arbitrary allocation 
meant that there was no acknowledgement of the need to 
justify a solution, though it was conceded that no responses 
were the result of random guessing. On the other hand, 
errors of the arbitrary rule type produced some 


justification for the choice of the particular solution. 


In Donaldson's study, no responses on the series 
extrapolation task were classified as arbitrary errors. A 
suggested explanaticn pointed out that this type of task is 
divorced from real-life and so there is less encouragement 


of "disloyalty to the evidence," to use Bartlett's 
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expression. Because of the difficulty in deciding whether a 


child was engaged or struggling with the given, Donaldson 
admitted that some errors considered as flaws in structure 
may have been the result of ignoring or adding to the data 


presented. 


The second category, structural errors, involved a 
failure to grasp the principle or logical relationship 
within a froblen. In this category is the overlap error 
which results from the difficulty of conceiving correctly 
the inclusion of one component within another, a situation 
investigated by Inhelder and Piaget (1969) in their study of 
additive composition of classes, and a variable included in 


the present study of the pattern process. 


In the series extrapolation task, Donaldson noted 
two levels of generality with regard to structural errors. 
The inability to grasp the general notion of what it is to 
extend a series according to some rule was confined to the 
ten year old subjects who might either generalize that one 
rule was applicable to any series or else interpolate when 
the more difficult extrapolation was required. On the other 
hand, the inability to discover a particular rule inherent 
in a specific problem dropped sharply in frequency between 


the ages of ten and twelve. 
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In certain instances of structural errors, some 
misunderstanding of principle was clearly involved, 
according to the investigator, but the exact nature of the 


misunderstanding was obscure. 


The third category, executive errors, arose not 
from any failure to comprehend the relationship or structure 
of a problem but rather from some failure in the actual 
Carrying out of the calculation or manipulation of the 
components of the problem. The executive errors found in 
the series extrapclation task were miscounting, reversal of 


pairs and difficulty with direction. 


Because of her concern for the developmental 
trends in, children's thinking, Donaldson was able tO 
demonstrate the relativity of errors. The presence of an 
arbitrary error which neglects the given necessitates that a 


structural error which consists in failing to understand the 


given cannot arise. Similarly, executive errors become 
evident only when the . structure of a problem is 
comprehended. As a result, children become open to 


structural and later executive errors only when the more 


primitive errors are eliminated. 
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Studies_related to Information Processing 


In their efforts to develop ee emieee programs 
capable of simulating human problem-solving behaviours, 
Herbert Simon, Allan Newell and their Pittsburgh associates 
have produced considerable insight into the pattern process. 
Several of their research reports are highly significant to 


the present study. 


Simon and Kotovsky (1963) used the set of letter 
series completion items, developed by Thurstone (1938), to 
investigate the congruence of a computer program and human 
subjects in solving the same problems, their main interest 
being the analysis of the differences in difficulty among 
problems. .. Their aim was to test their information 
processing model which consisted of a simply-symbolized 
vocabulary for representing serial patterns parsimoniously 
and a computer program which simulated the processes of 
sequence production and rule acquisition. The researchers 
first of all devised a method of pattern description which 
contained all the information needed to reconstruct the 
sequences. Within the framework of a particular alphabet, 
for instance, the base-ten number system or the English 
alphabet, the initial conditions had to be stipulated, the 
periodicity determined and the relations translated into a 


minimum number of terms such as "same" and “next". As an 
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example, the pattern description of the sequence 
aaa krEkb ccc is 
intl taeArpia tao} 
{ ™1(3), N(M1), Jj ; 
Starting with a, the first letter of the English alphabet, 
each period produces that element (M1) three times and then 


replaces it by the next (N) letter of the alphabet. 


In order to interpret the symbols in a pattern 
description, the pattern generating computer program needs 
the capacity toc detect relations like “same" and “next" in 


familiar alphabets and to execute the actions signified. 


On the last 15 Thurstone items, 12 adults of 
varied backgrounds and 67 high school seniors recorded from 
35 to 75 correct responses, while the most successful 
version of the four computer programs was able to solve 13 
of the 15.i8zteass Another variant solved 7 of the 15 
problems whieh could thereby be labelled as easy or. hard. 
Except for cne item, this dichotomy matched the division of 


the problems according to the median of difficulty for the 


human subjects. 


Three possible reasons for the failure of the 


pattern generator were suggested by Simon and Kotovsky; 


firstly, lack of familiarity with the alphabet used in 
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constructing a pattern; secondly, a limited repertoire of 


relations it can test; and thirdly, inadequate means for 
organizing and recording the relations it discovers into a 


coherent pattern description. 


Problem difficulty for human subjects was 
predictable from the number of symbols in the pattern 
descriptions rather than the length of the period. Further 
analysis, however, showed that the presence of a _ problem 
above the median in difficulty could be determined by the 
need to detect and keep track of relations on two distinct 


lists within the sequence. 


A more insidious source of failure arose when the 
same symbols occurred in both adjoining and corresponding 


positions as, for example, in the sequence urtustuttuut . 


Like Simon and Kotovsky, Klahr and Wallace (1970) 
aimed to develop a model to explain problem-solving 
behaviour. Through their information analysis of two types 
of series completion problems, they delved further into the 


pattern process. 


The initial test series of 24 problems involved a 
set of geometric shapes with two attributes, colour and 


orientation, while the letter series came from two different 
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sources. The first 15 problems were originally devised by 
Thurstone (1$38) and used by Simon and Kotovsky (1963). The 
second group of 24 problems was drawn up at the University 
of Michiganesinn 1965psK{Kdabryéy Wallace, oA970,0p.249) . 7 The 
letter series were later translated into a number’. series 
with identical structure by the substitution of the first 26 


integers for the letters of the English alphabet. 


As order is not inherent in either of the 
attributes as they were used in the Pittsburgh study, the 
colour-orientaion series may be regarded as sets of non- 
ordered objects. The only relation between objects to be 
accepted or rejected is "same", On the other hand, the 
English alphabet has a conventional order, thus the letter 
series requires a greater range of relations to indicate how 
Sanaa. are not the same. The successful extrapolation of 
€ach of these proklems depends on a pattern of relations, 
HOSE pyust, OL JECcts. Referring to the two series as Stage I 
and Stage II respectively, Klahr and Wallace pointed out 
that a Stage II computer program can operate at a Stage I 


level by simply reducing the number of relations involved to 


one: "same", 


The two stages discussed by these authors are 
parallelled in the present study: tasks involving geometric 


objects with two attributes, colour and shape, are followed 
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by number series problems which include many different 


relations. 


Frem an intensive study of the protocols of five 
and six year old children, Klahr and Wallace found that a 
small set of strategies seemed to be employed by subjects in 
various mixes. One of these strategies involved a template 
building precedure whereby subjects construct templates of 
increasing size until they find a recurring pattern. The 
relational pattern determines the position in the alphabet 
from symbols produced immediately before, without cognizance 
of the relationship within a symbol pattern. A second use 
of the template model occurred in a backward scanning 
strategy in which a template of the last few elements in a 
series is.matched against the problem. Sometimes a subject 
seemed to apply the template building procedure to the 


attributes considered as separate lists. 


The other two strategies were based on "fairness"; 
for instance, the need for equal numbers of each element. 
In these cases the problems were treated as unordered 


collections cf elements rather than a series involving order 


of. some kind. 


In devising a symbolism to represent patterns, 


Klahr and Wallace recognized Simon and Kotovsky's 
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requirement that descriptions be in terms of initial values 


and relational patterns. They limited themselves to the 


four relations prior(P), same(S), next(N) and double 
next(T). For the sequence aaa bbb ccc the pattern 
description is NNN (aaa) . In this notation, the simple 


Operator N is applied to the initial compound element aaa , 
the cycle being repeated indefinitely. The authors 
commented that all but one of the 39 letter series can be 
described satisfactorily if the relation "triple next" is 


included in the set of relations. 


Ancther Pittsburgh researcher Richard Roman (1974) 
has developed a third method for describing patterns 
symbolically. More complex than either Simon and Kotovsky's 
or Klahr and Wallaces's notation, it can handle a greater 
range of patterns. There are three simple relations, count 
forwards (C), count backwards (BC) and repeat (R), and three 
compound relations, concatenate (CON), intersperse (INT) and 
skip® (SK). AL(A) indicates that the English alphabet 
starting at the letter A is being used. Some examples to 


illustrate this notational system follow: 
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SK (C(5), R(x2) ) 55) Ou 208 Ue pine. 
CON(SK(C (3), R(2) )3 SK (AL(C), R(2) ) 3¢, SEROIG, (OT; 
WA y «4 ee 


Because quite different alternate descriptions can 
be assembled, Roman's notation seems suitable not only for 
computer programming but also for a mathematics curriculun 
which is fostering flexibility of thinking. For example, 
the sequence 

AAEM, P225223, , sOpeaspeseyosIFeSenlaos, ses 
can be described as 

INTIASK (CHS) ay RE ey SSK (Cie REG 10)",) 
Or 


SK (C(14), R(3,5,1074) ) 


Recent research directed by Simon has focussed on 
the understanding of serially patterned action. Greeno and 
Simon (1974) differentiated three distinct tasks, namely: 

the process of discovering and inducing the 
pattern implicit in a sequence of humbers, 


letters, or other symbols; 


the process of representing and storing in memory 
the pattern that describes the sequence; 


and the process of using this stored information 
to generate the sequence from the pattern in real 
time (p.187). 
Through the use of the computer program, interpreter, each 


of the three tasks can be analysed separately and levels of 


difficulty postulated. 
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Following Restle (1970), Greeno and Simon (1974) 


suggested a notation using only three operators - repeat 
(RK), transpose (Ti -add or subtract by i) and reflect (M for 
“mirror"). The fact that this set of operators has group 
properties provides a firm basis for further theoretical 
study of the pattern process. The authors warn that no 
Single measure of pattern difficulty will handle all three 
tasks and it is unlikely that all subjects will follow a 
Similar interpretive procedure to accomplish the sequence- 


generating task. 


investigations_within Mathematics Education 


Because of the limited reseach on pattern by 
mathematics educators interested in curriculum, one 
particular study by Cromie (1971) stands out. He 
investigated the development of the ability of children four 
to seven years of age to deal with patterns in three 
cognitive processes and in three cognitive modes. The 
processes were categorized as reproduction, identification 
(selection in the present study), and extension (that is, 
extrapolation). The ices were classified as enactive, 
iconic and symbolic, three phases postulated by Bruner 
(1960). Cromie found that the ontogeny for the processes 


was reproduction, identification and extension. 
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It is to be hoped that more studies by mathematics 


educators on this topic will be forthcoming. 
PIAGETIAN CONSERVATION AND CLASSIFICATION 


As stated earlier, Piaget's develcpmental theory 
has been summarized by Flavell (1963), and in numerous 
studies, (for example, Cathcart,1969; Martin, 1973; Reimer, 


T9638 =) Richardson, 1973 sl and Towler ,{cli967)a 


The basic framework of Piaget's theory of 
cognitive development is the four qualitatively different 
stages, sensori-mctor, pre-operational, concrete operational 
and formal:operations. A child in the pre-operational stage 
characteristically is swayed by perceptual cues, and is 
often unaware when his conclusions are self-contradictory, 
while in the next stage he comprehends the invariance of 
certain properties of an object at a conceptual level.. The 
section of the structure relevant to this study is the 
dynamic and fluctuating transition from the stage of pre- 
Sséeetionar thought to that of concrete operational thought 


manifested in the development of conservation and 


classificatory skills. 
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Conservation 


eee we Se SS 


A feature of the transitional period in the 
development cf logical thinking is the child's gradual 
acquisition of the principle of conservation pertaining to 
quantity, number, substance, length, weight and area, 
designated as "first-order" conservations because they 
require only single applications of reversibility. Having 
attained this operation, the conserving child can cancel out 
the effects of change in order to focus on the properties of 
an object that have remained unchanged (Almy, 1966); he can 
integrate two temporally separate experiences into a _ single 
judgement (Reimer, 1968). These conservations can therefore 
be considered indexes of concrete operational thought 


(Brainerd & Allen, 1971). 


In between these two stable states a child 
vascillates in his grasp of the notion of invariance. He 
may be confident of the numerical permanence of a set of 
blocks, yet change his mind with alacrity when faced with 
transformaticns of a set of construction bricks. Thus?" a 
child moves from an absence of conservation to necessary 
conservation with an intervening period in which he 


experiences a ccnflict between perceptual evidence and 


logical conceptions. 


ine 


fst osertn a hiide edt at 
OF puLntedzeg aoksevzenc09 ye r 
, SO76 hos tipkew dogner’ 

yous  9ensoed | a ae 
pnivedl (tied tame ven: re, csotseotigae ofeatn t00n 3 
fuo festa 89 wer y Qoivreanes ond tok razege abu 
20 soksizegetq Sit ae aaper, ot > asba0 ak wemeriich stos2i 


a 
7:2 
— 
=— 
: ae 
= 
8. 
Le 
i. 
=e 
-t 
A 
= 
2 
oa 
<2 
+ 
a 
8. 


aionie Botnet sonseitegee szexeqse yisenogass ows aa 
exeteteds Asd Sanh rich atten ayoniet), 59 _ e 


Reere 1%, estate. ado one wend apse. ak ney ae 
oH .sonpiievad 26. H0K9OM AE ennrne eit ate Rieasaiex? 


ee a 


a7 
8, 
“ei 
i 


to te2 ies oe! Me ties 1) 


me nw, eoitevxenadp 
i nsbiolie ok 


=, 


ie -dotiw ne boizae ates 


4 


bas. jeoaghive thusgodieg spon 


yee “yadedeeesinos Saal 


ss 


Research reports pertaining tO Piagetian 


conservation have appeared in numerous books of readings 
such as those edited by Athey and Rubadeau (1970), Elkind 
and Flavell (1969), and Sigel and Hooper (1968), while 
explanatory interpretations have been published by Brearley 
and Hitchfield (1967), Farnham-Diggory (1971), Ginsburg and 
Opper (1969), Phillips(1969) and etucusha Martin (1973) 
contains an extensive survey of conservation research anda 
bibliography classified according to the particular property 


being explored. 


The two Piagetian conservations relevant to this 
study are number and area. Research investigating the 
presence or induction of first-order conservation has 
concentrated on number, along with substance, length and 
weight, with very little being done on area. In fact, this 
aspect of conservation is not categorized in the 


Interpretive Study,of Research and Development in Elementary 
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Number (1965) is devoted to Piaget's investigations of 


various aspects of number development. He found that 
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children perform consistently whether they are exploring 


conservation of continuous quantities in the forn of 
liguids, or conservation of discontinuous quantities with 
containers of beads. Perceptual appearance dominates the 
younger children while the next stage sees subjects changing 
their minds even though a co-ordination of relationships is 
developing. Lasting equivalence appears when a child 
realizes that a transformation can be reversed mentally, 


thus ensuring conservation. 


A parallel pattern resulted from the 
investigations of humber conservation which Piaget 
categorized into two types of correspondence. In one case, 
Mhacoependehte can be provoked by external circumstances 
such as the association of egg with eggcup, the physical 
proximity of a glass by a bottle, a flower in a vase, or the 
dynamic exchange of one object for another. On the other 
hand, spontaneous correspondence is elicited through the use 
of similar ckjects and without any particular method of 


problem-solving being suggested. 


In a typical situation structured to test 
correspondence, two sets of objects are paired then the 
objects in cne set are spread out while the other group may 
be made more compact. The child is questioned about the 


relative numbers of objects in the two sets at each step 
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during the transformations. 


In making their comparisons, younger children tend 
to evaluate spatially, thereby ignoring the numerical 
relationship. At the second stage, children are capable of 
making the one-to-one correspondence but as soon as the 
visual pairing is destroyed, the quantitative equivalence no 
longer seems to exist. For children at the third stage, 
quantities remain equivalent even though the space occupied 


changes. 


The pretocols of Piaget's subjects indicate that 
progression through these stages of number conservation is 
the same for both types of correspondence; hence number 
conservation through provoked correspondence will be 
discussed here, particularly as other researchers have 


tended to choose this aspect for investigation. 


Studies by researchers such as Dodwell (1960), 
Hood (1962) and Wohlwill (1962) have confirmed the general 
sequence of stages in number development proposed by the 
Genevans. An extensive review of the literature on the 
acquisition cf number concepts can be found in Richardson 
(1973). According to Piaget (for example, 1971), the change 
in thinking revealed in success on conservation tasks 


occurs, on the average, at seven to eight years of age. The 
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performance of Piaget's subjects in five different number 


Situations is shown in Table 2. 


A feature of this summary is the wide age range of 
children categorized at Stage II. Subjects in the 
transitional period between no conservation and necessary 
conservation are spread across a span of 24 months for the 
glasses and bottles situation, for the flowers and vases 16 
months and for the pennies-objects exchange 26 months. The 
oldest subject reported was 6.11 years and he was still in 
Stage II in the pennies-objects exchange situation. If 
Piaget tested older children for number conservation, he did 
not include their responses in his classic reference on the 


topic. 


Older subjects have been used in several 
replication studies. Almy (1970) administered Piagetian 
number conservation tasks to 628 second grade children (mean 
age 7.3 years) of whom 366 gave clearly operational 
performance, leaving 263 not yet conserving number. When 
Hyde's (1970) Bath and Doll Test, paralleling Piaget's 
glasses and bottles situation, was presented to six, seven 
and eight year old European children in Aden, 9 of the 16 
eight year clds were categorized as inadequate conservers. 
Of the 16 children in each of the six and seven year old 


groups, 6 and 11 respectively were noted aS non-conservers. 
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TABLE 2 


NUMBER CONSERVATION (PROVOKED CORRESPONDENCE) : 


AGES OF FIAGET'S (1965) SUBJECTS IN FIVE SITUATIONS 


(N=43) 
CCRRESPONDENCE 
SITUATION STAGE I STAGE If STAGE III 
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Generally the non-Europeans Showed less evidence of 


ccnservation attainment. 


Piaget, Inhelder and 


Smeminska (1960) devised some ingenious problems to 
investigate the conservation of area. In the Barns Task two 
pieces of card demonstrably equal in area represent two 
fields in each of which a cow is pasturing. Barns of equal 
dimensions are in one field scattered and in the other 
clustered near the edge. Through this situation Piaget et 
al. probed a child's understanding of the invariance of 


area upon suktraction. 


In another problem, a segment is removed from a 
rectangular piece of card and attached at a different spot. 
The child must ignore the increase in perimeter in order to 


acknowledge the equivalence of area. 


In a variation of this type of transformation, two 
congruent triangular pieces made from a rectangular piece of 
card are rearranged into a large triangle and other shapes 
Sach as a parallelogram in order to check a child's ability 


to withstand the apparent change in size. 


Beard (1960) paralleled the Transformed Triangles 


Task by the use of a form board in which rectangular and 
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rhombic holes could be exactly filled by the same two 
congruent triangular wooden blocks. Six and seven year old 
children were asked which hole they thought was bigger and 
then saw the blocks fitted in. Of the 60 subjects, 23 
persisted in their perceptual judgement that the rhombic 


hole was larger. 


In a comparative study of Ghanaian and English 
children, Beard (1965) cut two congruent squares in half, 
one parallel with a side, the other diagonally. A 
triangular half and a rectangular half were then combined to 
make a "house" which was compared with the size of the 
Original square. At age eight, both groups had a success 
rate of 32 per cent. At age ten, 56 per cent of the 
Ghanaians ‘attained Stage III as against 62 per cent of the 


English children. 


In their study aimed at the training of Grade one 
and Grade three pupils in the conservation of length and 
area, Beilin and Franklin (1962) used the Barns Task as well 
as the Rearranged Rectangles Test but failed to report the 
specific deen: In two further experiments, Beilin (1964, 
1966) used an analogue of the Rearranged Rectangles Test in 
the form of a Visual Pattern Board. By the insertion of 
prepared templates, transformations of connected or 


unconnected unit squares could be instantly presented, 
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without any motion being evident. No physical manipulation 
was involved. Apart from their perceptual impressions, 
subjects could use counting in the form of iteration or 
translocation in making their judgements of the equivalence 
of area. In the 1964 study, 13 of the 26 Grade four 
children cculd not judge area equivalence correctly. The 
1966 experiment was restricted to first and second grade 
children. The number of area conservers on the pre- 
test (Grade one=11,Gradetwo=28) was raised after training to 
77(Grade one=27,Grade two=50) out of a total of 236 subjects 


equally divided between the two grades. 


The Barns Task and the Transformed Triangles Task 
were presented to 90 Grade three pupils (mean age 8.8 years) 
by, Blackall? 9(19.72)*- who® found? Ehatowd?2 children were 
conserving on the Barns Task, while 30 were so classed on 
the Transformed Triangle Test. After analysing the 
rationalizations given by the subjects on the Barns Task, 
the investigator questioned whether this test is not so much 


a test cf area conservation as of number conservation. 


Murray (1965), who describes conservation as "a 
process of resisting iliusion or of recognizing a disparity 
between appearance and reality (p.62)," presented Grades 
one, two and three children with illusion-distorted areas. 


Seventeen of the 23 Grade three children reached Piaget's 
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Stage III on the Delboeur concentric circles illusion. He 


claimed that these data support the conclusion that the 
transition from no conservation to necessary conservation 
occurs between the ages of seven and eight years. However, 
nearly one-quarter of this group were not operational with 


regard to aré€a. 


In a scalogram analysis of Piagetian area 
concepts, Needleman (1970) reported that the total sample of 
69 boys in Grades three to eight attained the concept of 
area conservation. The subjects ranged in age from 8.6 to 
14.4 with IQ scores from 100 to 120. However, these 
results are not consistent with other reported research such 
as Goodnow and Bethon's (1966) study in which 38 per cent of 
the gifted eight year olds and 56 per cent of the average 


eleven year olds were categorized as operational in area. 


Summary. In the studies investigating number 
and area conservation, there is one common feature, the lack 
of uniformity with regard to the age of attainment of 


operational thinking. Nevertheless, there is agreement with 


Piaget on the general development of conservation concepts. 
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Because of the particular works selected for 
translation into English, the Genevans give the impression 
that they have concentrated on the problem of pencemee on 
so that the developmental stages are more commonly 
associated with that topic. However, Similar stages are 
postulated for the development of mature classification. 
After the initial sensori-motor period, a child moves 
through the typical stages of global comparison, intuitive 
judgement and operational judgement (Hyde, 1970). Inhelder 
and Piaget who co-authored fhe Early Growth of Logic in the 
Child (1969) specify the invariant and qualitatively 
different stages with regard to classification as 

i. graphic collections 
ii. nen-graphic collections 


idfis . hierarchical classification: 


For the child between the age of two and five 
years approximately, the spatial arrangement plays an 
essential part in deciding how the elements in a_ collection 
sak to be sorted; hence the term “graphic collections" to 
describe this level. The child may set out objects in heaps 
but not systematically. He often applies relations of 
similarity and difference to objects in successive pairs, so 


that small partial alignments are produced without any 
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evidence of an understanding of the collection as a whole. 


He groups objects. that belong together such as a square and 
a triangle tc form a house, a tree, a fence or aé_ horse, 
rather than classifying them according to common properties 
such as’ forn or colour. Thus he may produce complex 
geometrical objects based on perceptual belonging or complex 


representaticnal cbjects based on functional belonging. 


At the level of graphic coliections, the child 
does not ccmprehend the properties of classification, 
including the basic notion that objects with a common 


property form a subset. 


In the subsequent stage labelled “non-graphic 
collections" the child is aware that each and every object 
has to be classified in one subset only. Because all the 
elements in a subset have a common property each subset is 
mutually exclusive. He is more flexible in being able to 
classify an individual object according to a number of 
properties. However, certain key concepts are beyond | hin 
Strid. He does not connect a subset with the whole 
collection when it removed or disassociated physically. 
Secondly, he does not comprehend the idea of class-inclusion 
even though he may intuitively structure subsets 
hierarchically rather than in juxtaposition. For instance, 


in the matter of multiplication of classes he may “construct 
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four collections isomorphic to those of a matrix ... yet he 


fails to realize that the set as a whole can be split in two 


ways and not just one (p.168)." 


According to the Genevans, what the child's 
fhinking *“lacks” at® this time is the operation of 
reversibility. Although he may be quite clear that two 
subsets form a union, the child cannot reverse the process 
in order to compare a subset with the whole set. Thus he is 
incapable of understanding that all the elements in a subset 
are only part or some of the superordinate set which may be 


regrouped in a number of ways. 


To reach the final stage of hierarchical 
Cclassificaticn, the child must acquire reversibility if he 
is to classify objects and operate with sets and subsets 
logically. It has already been noted that Piaget sees 
reversibility as a critical factor in a child's ability to 


CONSEIVE. 


Included in the present study are two key 
Seaseaticatien concepts, namely additive composition of 
classes and multiplicative composition of classes, both 
involving the co-ordination of part-whole relations. 
Successful attainment of both these logical operations 


requires the ability to use the same elements in two 
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different ways. In additive composition the child has to 
think simultaneously of the part and the whole, while 
multiplicative composition consists in classifying each 
element according to two different criteria simultaneously. 
Piaget has elauned that these two types of classification 
are “mastered at the same time, ahout the age of seven and 


€ight years (Inhelder & Piaget, 1969, p.151)." 


Oomposition of classes. In the classic 


Beads Test used in three Genevan investigations of additive 
composition (Piaget, 1965; Inhelder 6& Piaget, 1969; Ving 
Bang, 1971), the child is presented with 20 or so wooden 
beads, 18 of which are brown in colour with the remaining 
two white. The crucial question asks, “Are there more 
wooden beads or more brown beads?" Parallel situations 


involve flowers, children and coloured wooden shapes. 


At the first stage of graphic collections, 
spontaneous classification results in ambiguous groupings. 
Children at Stage II recognize that the subset, primulas for 
instance, belongs to the class of flowers, but they cannot 
Senataca the superordinate class into two sub-classes so 
that it still retains its identity. At ¢Stage? Itig .Sihe 
whole continues to exist while its components are separated 


in thought (Inhelder & Piaget, 1969, p.102)." 
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Piaget (1965) claimed 


clear ¢€vidence of the systematic dipfticulty 
experienced by children under seven or eight in 


including one class in another and in 
understanding that a total class is wider than one 
that is, ,included.in»it,(p.166).. 


In his first investigation, Piaget (1965) tested 
26 children mainly in the wooden beads situation. Twenty- 
one of these subjects ranging in age from 5.0 to 6.8 years 
were categorized at Stage I - the absence of additive 
composition; one aged 6.0 and two aged 7.2 were at Stage II 


while the successful operators were 6.9, 7.2 and 8.0. 


Of the 69 subjects described in the later 
investigation (Inhelder & Piaget 1969), which favoured the 
flowers situation, 29 were successful at the Stage. »LiZ 
Berne The proportions of 5 out of 20 five and six year 
olds and 5 out of the 19 seven year olds are in marked 
contrast tc those of the older groups in which 10 of the 17 
eight year clds and 9 of the 13 nine and ten year olds were 


considered orferational. 


In another Genevan experiment conducted by Ving 
Bang (1971), the low proportions of 7 per cent of the five 
year olds and 13 per cent of the six year olds who were 
successful rose to 40, 60 and 70 per cent of the seven, 


eight and nine year olds respectively. The total numbers of 
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subjects were not included. 


These results not only provide evidence for 
Piaget's claim that children are seven or eight before they 
acquire class inclusion, but also emphasize that some 
children may be very much older when they reach this level 
of logical thinking, a condition postulated as necessary to 
an adequate understanding of the classes and relations of 


humber. 


Replications of the Piagetian Beads Test of 
additive composition , or its equivalents, have been carried 
out on koth sides of the Atlantic. The Development of the 


Additive Composition of Classes is one of the Piaget 
Replication Studies Elkind (1961) conducted using the boys 
and girls situation and 25 subjects in each age group from 
five to eight years. At age five and six years, 12 and 14 


children respectively were categorized at Stage III, while 


there were 19 and 23 in the two older groups. 


Lovell, Mitchell and Everett (1962) presented both 
ane wooden keads and the flowers situations to ten subjects 
at each age level from five to ten years. They found that 
no five year olds reached Stage III. Of the six, seven and 
eight year olds, up to 4 were successful on either tests. 


However, all but one of the nine to eleven year old group 
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were able to relate the parts to one another and to the 


whole, thus indicating their attainment of operational 


thinking. 


In nhox scalogran study of classificatory 
development, Kofsky (1966) used a coloured shapes’ situation 
with 20 subjects in each age group from four to nine years. 
(There was an additional subject in both the four and _ seven 
year old groups.) The percentage of successful children 
amongst the four youngest age groups fluctuated considerably 
from a surprising 29 per cent of the four year olds as 
against only 10 per cent ofacther six Syeat sobds< 
Approximately one-fifth of each of the five and seven year 
old groups were regarded as operational. There was a marked 
increase in the proportion of older subjects who reached 
Stage II (45 per cent of the eight year olds and 60 per cent 
of the nine year clds). Although Kofsky's results generally 
confirm Paiget's contention regarding the leap forward in 
operational thinking at seven or eight years, considerable 
numbers of older children did not pass this class inclusion 


test. 


Almy (1970) incorporated a class inclusion task 
into the battery of Piagetian tests she administered to 628 
Grade two pupils. Fifty of the children gave clearly 


operational ferformance on two situations involving small 
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humbers of fruit and wooden blocks. In considering the 
possible interfering effect of language comprehension on the 
level of a child's response, Almy concluded from an 
associated earlier study (Miller, 1966) that "for a child 
lacking such insight the rephrasing of the question made 
little if any difference in his response (Almy, 1970, 


p.34)." 


When Hyde (1970) administered the Beads Test to 
the 48 European children in her study equally divided into 
the six, seven and eight year olds, none of the youngest 
group was successful, while 7 in each of the other groups 
had reached Stage III. Thus slightly more than half of the 


older children were not yet operational. 


Although primarily interested in differences in 
performance due tc social class, Wei, Lavatelli and Jones 
(1971) reported that 27 of the 40 Grade two pupils (mean age 
7.6 years) were operational when they were given the wooden 


beads task. 


A summary of subjects who attained operational 
additive composition in the various investigations is 


presented in Table 3. 


Although the criterion of categorization would 
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TABLE 3 
ADDITIVE COMPOSITION OF CLASSES 
PERCENTAGE OF SUBJECTS ATTAINING STAGE III 
IN VARIOUS INVESTIGATIONS 


sr me ee cm me re cm me a 


Age of subjects in years 


N¥per 

Situation graup 4 5 6 7 8 9+ 
Elkind children 25 48 56 76 92 
(1961) 
Lovell keads 10 0 30 40 30 100 
Mitchell 
& Everett flowers 10 0 20 20 30 90 
(1962) 
Kofsky blocks 20 29 20 10 19 45 60 
(1966) 
Almy fruit & 628 8 
(1970) blocks 
Hyde beads 16 0 4 uy uy 
(1970) 
Ving Bang ? 2 7 is 40 60 70 
(1971) 
Wei breads 40 i fee) 67 
Lavatelli 
& Jones 
(1971) 
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Obviously differ from study to study, the table indicates 


marked discrepancies among the percentages extracted from 
the various studies. The percentage of five year olds who 
have attained Stage III vary from 0 to 48 per cent, for the 
six year olds 10 to 56 per cent, for the seven year olds 8 
tc 76 per cent, and for the eight year olds 30 to 92 per 
cent. Even if Elkind's and Almy's studies, which show the 
most discrefancies, are omitted, the differences in 
percentage range from 20 to 48. The generalizability of 
such findings would need to be tentative. However, the data 
generally ccnfirm the Piagetian contention of a critical 


change in thinking ability at seven and eight years of age. 


composition of classes. There 
are two main types of multiplicative classification 
situations, matrix intersection completions when the subject 
usually selects his response from a finite set of 
alternatives, and spontaneous cross-classification in which 
the child forms his own classes from the set of objects 


before him. The latter method has been chosen for the 


present study. 


In the classic Piagetian task involving free 
classification, there are squares and circles in two 
colours, red and blue, giving four sub-classes, red squares, 


red circles, blue circles and blue squares. After the 
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subject has teen asked to divide the objects into four 
piles, he is requested to make two piles first one way and 
then in another way. The critical response follows the 
instruction to make the four piles again so that the piles 
go together when combined horizontally as well as 


vertically. 


An alternate situation utilizes black or white 
rabbits, either sitting or running; another has men, women, 
girls and tkoys, while a third situation incorporates forms 


of transport. 


The children's responses can once again be 
categorized according to three stages, the first being 
graphic collections which indicates lack of multiplicative 
omposi dion. In Stage II the child forms exhaustive subsets 
while still ignoring the simultaneous relationships. He may 
arrive at the four collections of a possible matrix, but he 
has no idea of cross-classification. A Stage III response 
is typified by immediate cross-classification, indicating 


the mental co-ordination of two criteria. 


Amongst the researchers who have replicated the 
Piagetian multiplicative composition investigations are 
Lovell, Mitchell and Everett (1962), Rawson (1969) and 


Sheppard (1974). 
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Lovell, et al. (1962) used the rabbits situation 
which they presented to ten children at each age level, five 
to ten years. The number of successful subjects gradually 
increased from 0 at age five to 9 at age ten. For the age 
groups in between, the Stage III children numbered two, 
five, ten and eight respectively. Thus three out of 20 


children eight or clder were still not operational. 


In this particular research study, Lovell and his 
associates administered a large battery of Piagetian 
classificaticn tests to the same children and, like the 
Genevan school, found an increase in general operational 
mobility between seven and eight years of age, across a wide 


range of classificatory skills. 


Rawson (1969) also administered a large battery of 
tests of cognition to 1CC Grade four subjects with a mean 
age of 9.8 years. Included was the multiplicative 
composition task involving squares and circles in two 
colours. Sixty-four of the children were categorized as 


operational, leaving 36 per cent of the sample at Stage II. 


A cross-multiplication test using coloured shapes 
and people was presented to small numbers of children at 


three age groups by Sheppard (1974) who found that two out 
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of 7 six year clds were successful while 1 eight year old 


and 1 ten year old were not yet operational. 


Summary. As with conservation of number and 
area, the studies replicating Piaget's research on the 
additive and multiplicative composition of classes have 
produced widely differing data on the ages of subjects 
attaining crferational thinking. Yet, there is general 


ccnfirmation of Piaget's stages in the development of 


Classificatory skills. 
PATTERN AND MATHEMATICAL ABILITY 


The existence of "a special capacity or faculty 
underlying -mathematical ability distinct from and with no 
eee acaia close connection with other forms of 
intellectual capacity (Brown, 1913, p.26)" has interested 
researchers since the turn of the century. In the early 
decades the evidence was not decisive, especially as 
Spearman, whe helped to develop factor analysis, supported 
the primacy of general intelligence, while Thurstone (1938) 
pied Gked a series of distinct multiple factors known as 
primary abilities. One of these was Factor I (induction) 
which was highly loaded by the Number Series and Pattern 
Analogies tests. Nevertheless, in recent years, there seems 


to be widespread acceptance of the group factors V (verbal), 
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K (spatial) and N (numerical) and the general factor G (non- 
verbal intelligence), residual after innate general ability 
has been remcved statistically from verbal, spatial and 
numerical abilities. Furthermore, researchers on both sides 
of the Atlantic have come to agree that an independent 
factor indicating mathematical ability does exist, though 
its status relevant to the general factor G is still a 


source of discussion. 


Interest in mathematical ability as a group factor 
has now turned to the analysis of its components, one of 
which appears to be closely connected to the focal topic of 
the present study, the pattern process. The evasive 
methodological preblem seems to be the design of tests which 


validly measure mathematical ability. 


In the Ninth Yearbook of the National Council for 
Teachers of Mathematics, Hamley (1934) advocated that the 
central theme in mathematics education should be 
functionality, with its four main elements being class, 
order, variable and correspondence. Class and order are 
pee to any pattern, whether it be spatial or numerical. 
Hamley believed that 


mathematical ability is Be ian a compound of 
general intelligence, visual lmagery, abi Ley CES 
perceive number and space configurations and to 
retain such configurations as mental patterns 


(1935, p.28). 
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Mitchell (1938) listed seven processes which might 
be expected to make up mathematical ability: classification, 
abstraction, ability to understand and use symbols and 
words, ordering, correspondence, operations in imagery and 
deduction or inference, most of which are embodied in the 
pattern process. In his factor analysis study, Mitchell 
Claimed to have isolated an ordering facter beyond the 


predominant G factor. 


Barakat's (1951) in-depth study of mathematical 
abilities yielded a mathematical factor which he maintained 
could be subdivided into two components, mechanical 
arithmetic which is associated with memory, and mathematical 
work which ‘is closely related to the manipulation of schemes 
and relations. The latter component would encompass the 


pattern process. 


Barakat's research was pursued by Wrigley (1958, 
1963) whose results confirmed the usually accepted view that 
ability in mathematics is closely connected with general 
intellective capacity. His evidence also supported the 
contention that “apart from the influence of general 
ability, mathematical ability and verbal ability are 
independent (1958, p.75)." He concluded that a mathematical 


group factor exists having some relation through geometry to 
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the spatial factor, but separate from the number factor, 
involving “the apehicatien of a set of highly stereotyped 
rules (Verncn, 1950, p.43)," and defined by speed tests of 
Simple computation. According to Wrigley (1963), "Skill in 
computation has little relationship to true nathematical 
ability (p.48)." Unfortunately, Wrigley did not attempt to 
analyse the components of the mathematical factor any 


further. 


In a recent survey on the hereditary and 
environmental components of quantitative reasoning, Stafford 
(1972) delineated three components of mathematical ability. 


The first is “arithmetic. knowledge," which is 
basically the degree of achievement 


or sophist- ication in mathematics. The second is 
"numerical ability," which is basically skill in 
computational operations; and the third is 
"quantitative reasoning," a verbal problem-solving 
ability+ (pid 8 3). 
This scheme tends not only to ignore the general factor G 
but also to exclude the pattern process with its emphasis on 
non-verbal classes, order and relations. However, if the 
reviewer had extended his analysis, both the G factor and 


the pattern process may have appeared in a more detailed 


SULUCtTULE. 


On the whole, there seems to be a case to clain 
that the pattern process does have connections with the 


Mathematical ability factor. 
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CONCLUSION 


In this chapter the present state of knowledge on 
the pattern process has been summarized. Researchers are 
gradually developing symbolic representations, descriptive 
vocabulary, levels of difficulty among and within tasks, 
strategies of sclution and categorization of errors as 
indicators of subjects" thinking processes. The classes, 
order and relations inherent in the pattern process are 
reflected in the Piagetian concepts of conservation and 
classificaticn where invariance and reversibility are 
complementary facets of the logical thought of the maturing 


ehald. 


It ais generally conceded that classes, order and 
relations are the bases of mathematics. Hence competency in 
handling them in the dynamic pattern process seems closely 
linked to the development of mathematical ability. For what 


is mathematics but a way of thought (Hull, 1970)? 
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CHAPTER III 


INSTRUMENTATION, DESIGN OF THE STUDY 


AND ANALYSIS OF THE INSTRUMENTS 
INSTRUMENTATION 


In order to examine Grade three children's 
performance on the hierarchy of 20 tasks, set out in Table 1 
(p.23), a Pattern Processing Test was constructed for use in 
this research project. The tasks selected to investigate 
the conservation and classification abilities of the 
subjects wete derived from research reports published by 
Piaget and his associates. Number knowledge and colour 
discriminaticn were tested by simple measures while 
standardized tests were used to determine levels of 


mathematics achievement and intelligence. 


A summary of the instrumentation is presented in 


Table 4. 
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TABLE 4 
INSTRUMENTATION 
PATTERN: 
PATTERN PROCESSING TEST 
LS aa ee SG hae EM EEES GEL. tT eee ee aa en Lae 
{ Pattern | Geometric | Numerical { 
{ Sie | onmea see ge fT OA 
| Task | Linear | Matrix | Linear | Matrix | 
ed 
| Interpclate | A | 3D | K { Pp { 
{ Continue { B | G { L | Q | 
| Reverse | Cc { H { M | R | 
{ Select { D { al | N | S 
{ Generate { 1a | J | 16) | Ak | 
[bene ie ae ee We ee Ct eg ed be el Le ed 
CCNSERVATION: Number - Linear Correspondence 


Circular Correspondence 
Area - Barns Task 


Transformed Triangles Task 


CLASSIFICATICN: Additive Composition of Classes 


Multiplicative Composition of Classes 


STANDARDIZEC Mathematics Achievement - Canadian Test of 
TESES: Basic Skills 
Intelligence - Canadian lLorge-Thorndike 


Intelligence Test 


NUMBER KNOWLEDGE 


COLOUR DISCRIMINATION 
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In this section, the design, administration and 
scoring of e€ach of the 20 pattern tasks are outlined and 
discussed. A detailed description of the complete Pattern 


Processing Test is located in Appendix A. 


The Pattern Processing Test falls into four 
blocks: geometric linear, geometric matrix, numerical linear 
and numerical matrix. Except for the generate task, each of 
the other four tasks within a block has a similar format and 
the same general basis with regard to the individual items, 
though slight variations are incorporated in order to 
minimize the practice effect that may arise from the use of 

identical sets of items. Any commonality within a block 
will be discussed first followed by the details peculiar to 
the individual tasks. Commonalities from block to _ block 


will be noted as they arise. 


The stimulus materials for each task except the 
generate task were drawn, reproduced and coloured for group 
Pee his ee aion Multiple copies of the 16 tasks with preset 
correct answers were laminated cardboard so that each group 
of subjects could work with identical task cards which 
remained clean and attractive thoughout the testing program. 


Each subject recorded his responses on the blank paper 
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provided for each task separately, except for the numerical 


matrix tasks, for which the subject recorded his responses 


in the spaces provided on the task sheets. 


As fe introduction to the testing procedure of 
each task, the subjects were shown examples of the 
particular activity involved. The explanations were 
repeated as necessary until it was considered that each 
subject understood what it was he was supposed to do, a 
pretest training policy of importance according to Wepman 


(1958) . 


The maximum score for each task is ten. The 
details of the scoring procedures are explained task by 
task. For ‘the purposes of this study, a response is 
considered correct when it is accepted as such on the 
consensus of three judges, the investigator and two other 


mathematics educators. 


Within each of the geometric tasks, both linear 
and matrix, the items and their order of difficulty were 
determined according to the 24-item test series of colour 
orientation problems devised by Holland (Klahr, 1974) and 


reported by Klahr and Wallace (1970). In the original 
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series there were four colours and four orientations of a 


set of congruent shapes. For the purposes of the present 
study, the positions of “the orientation variable were 
transformed into simple shapes such as square, triangle, 
circle, diamcnd, cblong, hill, wedge and ellipse with a 
maximum of four shapes in any one item. Pattern 
descriptions of the 24 items in the Holland test-series in 


terms of colour and shape can be found in Appendix B. 


The ten items in each of the geometric linear 
tasks, except the generate task, were devised according to 
the verbal pattern descriptions set out in Table 5. The ten 
patterns were selected)» from the 24 in the Holland series, 


with the same order being maintained. 
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TABLE 5 


GEOMETRIC LINEAR PATTERN DESCRIPTIONS 


Desa aaa eae eae aa a a ae ee a ee ee 
— a ae as SS SS SS ES Se SS SS SS SE EE ES EE EE EE ES ES SE Se eC EE EE EE ET Ee TE TE 


#1 Two elements alternating (same shape, same colour) 


#2 Two alternating shape-pairs*, 
two colours alternating singly 


#3 One se Bee with a shape-pair 
(Same Shape, same colour) 
#4 Two Sshape-pairs alternating 


(same shape, same colour) 


#5 | Two shapes alternating singly, 
two colours alternating in pairs 


#6 Two elements (same shape, same colour) 
alternating about a constant element 


#7 Two shapes alternating in threes, 
two colours alternating singly 


#8 Two shape-pairs in two colours 
(same shape, same colour) 


alternating about one shape 
alternating in the same two colours 


#9 Two shapes alternating singly, 
three colours cycling 


#10 Two shapes alternating singly, 
three colcurs cycling 


*Two elements of the same shape 
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EtemS- 2812 0tO. #5 "are sach Six elements longi 


Because of the increase in the period of the patterns 
involved, items #€, #7 and #8 provide nine elements. In 
items #9 and #10, the element to be supplied by the subject 
is not already present and must be inferred from the 


information given in five elements. 


Geometric: Linear: Interpolate [G:L:I] In this 
task, the child is required to find the missing element 
indicated by an asterisk. No gap appears in either of the 


end positions. 


The ten items in the G:L:I task were prepared 

according to the pattern descriptions set out in Table 5, 
with the following modifications. The gaps in items #1, #2, 

#6 and #7 are towards the right hand end; in items #3, #8 
and #10 towards the left hand end; and in items #4, #5 and 


#9 in the middle. 


The score is the total ‘number ‘of ‘correct 


responses. 


Linear: Continue [G:1l:C]} In this 


e 
e 


B. _Geometri 
task, the child is required to continue each pattern to the 
right. He records the next two elements on the blank paper 


placed on the right of his task card. 
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The ten items of the G:L:C task were prepared 


according to the pattern descriptions set out in Table ate 
with the fcllowing modifications. Item #4, which has the 
Same pattern ne #3, finishes with an incomplete period. La 
item #7, the cclours as well as the shapes alternate in 


threes. 


The score is the total number of correct responses 


each of which consists of two elements in the right order. 


C. _Geometric: Linear: Reverse [G:L:k ] In this 


task, the child is required to continue the pattern to the 
left. He records the next two elements on the blank paper 
placed on the left of his task card. In the explanation of 
the activity involved in reversing, the order of the two 


elements to ke recorded was emphasized. 


The ten items of the G:L:R task were prepared 
according to the pattern descriptions set out in Table 5, 
except that the patterns of items #7 and #8 were 


interchanged. 


The score is the total number of correct responses 


each of which consists of two elements in the right order. 
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Geometric: Linear: Select [G:l:S]} In this 
task, the child is required to continue the pattern to the 
right. He selects his response to each item from four 
choices of two elements each. Only the particular shapes 
and colours present in the information given are used in the 


choices. 


The ten items of the G:L:S task were prepared 


according to the pattern descriptions set out in Table 5. 


The distractors include the first pair on the left 
and its reverse, and the last pair on the right and its 
reverse, where these do not involve repetition. Where 
necessary, a pair of shapes from within the given pattern 


are coloured differently to provide alternate distractors. 
The score is the total number of correct choices. 


E. _Geometric: Linear: Generate [G:L:G] In - this 
task, the child is required to make four geometric linear 
patterns of his own choice, using squares, circles and 
rene glee in four colours. The child places cardboard 
shapes on. a prepared card which provides seven cells for 
each linear pattern. Subsequently, each child's patterns 


are photographed on 35mm colour film as a permanent record. 
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For each sequence, the child earns one point fora 
pattern in the shapes and one point for a pattern in the 
colours. The remaining two points are allocated for 
complexity keyond the level of alternating shapes and/or 


colours, or reflection around the middle element. 


Geometric: Matrix 

The design of the geometric tasks, except the 
generate task, was based on Holland's test series of linear 
patterns. However, the matrix form involves coordinated 
sets of linear sequences, not just a number of independent 
linear sequences. The need for the patterns to fit both 
ways increases the complexity of the relations and also 
requires that the pattern descriptions account for the 


vertical as well as the horizontal arrangement. 


The order of daffticulty also affects the 
complexity of the patterns. The length of the period is a 
grit cuity factor in lanear * patterns -but va different 
situation exists for matrix tasks. Ina four by four matrix 
there are 16 elements already; therefore, if the size of the 
matrix is to be kept within reasonable limits, the 
complexity of the relations becomes the important difficulty 


factor. 
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F. _Geometric: Matrix: Interpolate [G:M:T] The 
format for this task is a four by four matrix from which the 
middle four cells have been removed. The child is required 
tc supply the missing elements so that there is a pattern 


going both ways. 


The five items in the G:M:I task were prepared 


according to the following pattern descriptions: 


#1 Two elements alternating (same shape, same colour) 


#2 Two shape-pairs alternating horizontally, 
(same shape, same colour) 


#3 Two shapes alternating, four colours 
cycling horizontally and 
alternating in pairs vertically 


#4 Two se Poa date alternating vertically, 
four colours cycling horizontally 


and alternating in pairs vertically 


#5 One shape alternating with two shapes 
horizontally and vertically, four colours 


cycling vertically and alternating horizontally 


The child records his responses on ae sheet of 


paper placed under each of the task cards. 


Within each item, the child earns a point if the 
cclour in all cells is correct and a point if the shape in 


Si) Celis. 1S. correct. The score is the total number of 


points. 
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G. _Geometric: Matrix: Continue (G:M:C} In this 
task, the child is required to supply the next element 
following each cell on the right and along the bottom of a 


four by four matrix so that the pattern goes both ways. 


The five items in the G:M:C task were prepared 


according to the following pattern descriptions: 


#4 Two elements alternating (same shape, same colour) 


#2 Two shape-pairs alternating horizontally, 
two cclours alternating 


# 3 Two Shapes alternating, four colours 
alternating in pairs horizontally 


#4 Two eeebeereLts alternating vertically, 
four colours cycling horizontally, 


and alternating in pairs vertically 


#5 One shape alternating with two shapes 
horizontally and vertically, four colours 


cycling vertically and alternating horizontally 


Each vertical or horizontal line of four correct 
responses. earns one point. The score is the total number of 
points. 

H. _Geometric: Matrix: Reverse [G:M:R] In this 
task, the child is required to supply the next element 
fcllowing each cell on the left and along the top of a four 


by four matrix, so that a pattern goes both ways. 
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The five items of the G:M:R task were prepared 


according to the following pattern descriptions: 


#1 Two shapes and two colours alternating in pairs 


#2 Iwo shapeé-pairs alternating, 
two colours alternating 


#3 Three shapes cycling vertically and horizontally, 
two colours cycling in pairs, separated by 


two other colours alternating 


#U Two pairs of shapes alternating, 
one shape retaining one colour, 


the other three colours cycling 


#5 Similar to #4 with different shapes and colours 


Each horizontal or vertical line of four correct 
responses earns one point. The score is the total number of 


points. 


Matrix select [Gsh2sy In this 


task, the child is required to continue the pattern one 
element in each cell to the right and along the bottom of a 
Four. Dy four. matrix. He selects the responses from four 
choices which use only the particular shapes and _ colours 


present in the information given. 


The five items of the G:M:S task were prepared 


according to the following pattern descriptions: 


#1 Two elements alternating (same shape, same colour) 
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#2 Two shape-pairs alternating, two colours 
alternating in pairs 


#3 Two shape-pairs alternating, 
two colours alternating singly 


#4 Two ebanes alternating, four colours cycling 
vertically and horizontally 


#5 Three shapes cycling vertically and horizontally, 
three colours cycling horizontally, with two 
colours cycling in pairs separated by two other 
colcurs alternating 


The distractors include the first element and the 
last element of the particular row or column being extended, 
and either the first or last shape in another colour. Where 
necessary, the remaining choices are elements from the 


particular rew or column. 


Each vertical or horizontal line of four correct 
responses earns cne point. The score is the total number of 


points. 


J, Geometric; Matrix:,Generate.[GemM:G] ,.in, this 


task, the child is required to make two matrix patterns of 
his own choice, using squares, circles and triangles in four 
cclours. The child places the cardboard shapes for each 
pattern on a prepared card bearing a five by five matrix 
diagram. Subsequently, each child's patterns are 


photographed on 35mm colour film as a permanent record. 
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The scoring procedure takes into account the three 


transformaticns of reflection, translation and rotation. 
For each of the two matrix patterns, two points are earned 
a: there is a pattern in either the shape or colour, in the 
horizontal or vertical directions. If there is only one 
detrimental element, one point is earned. The remaining two 
points for each matrix are allocated for complexity in the 
form of three or more shapes or colours. The score is half 


the number of points. 


Numerical: Linear 

In order to establish a set of numerical sequences 
with an order of difficulty, pattern descriptions were 
prepared of the items in the number series sections of the 


following tests: SRA's Short Test of Fducational Ability, 


eee we ae we a Se Sa Se ewer we 


Group Test of Mental Ability, and Cattell's Culture Fair 


As a result of meshing the descriptions, a set of 
numerical relaticns with an order of difficulty emerged, 
though many more details would need to be considered before 
a precise order of difficulty could be claimed. The pattern 


types formulated are set out in Table 6. It may be noted 
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that in this study the term "multiple," though technicaily 
inaccurate, has been retained when constant addends occur 
from a non-zero origin in order to emphasize the 


commonalities between the two pattern types. 


Ancther term, “addend," is given a specific 
meaning within this study. It refers to the number which is 


being added to the previous element of a sequence. 
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TABLE 6 


NUMERICAL LINEAR PATTERN TYPES 


Sts DODD DE SSE ar a a a a a ae ae ae ae ee ee ee 
a 


#1 Forwards and backwards by 1s. 


#2 Maplstti ples of 2, 3, 4, 5, and 10 
ae forwards 


bt. backwards 
Cc. about a constant 


#3 Multiples of 27.5, 4, 5, and 10 Erom non-zero 
a. forwards 


bk. backwards 
Cc. about a constant 


#4 Alternating addends of 1 to 3 


#5 Triads of consecutive numbers ; 
a. constant addend between triads 


ke. about a constant 


#6 Multiples of 6, 7, 8 and 9 
a. forwards 
k. backwards 
c. about a constant 


+7 Multiples of 6, 7, 8 and 9 from non-zero 
a. forwards 
tk. backwards 
c. abcut a constant 


#8 Alternating sequences 

#9 Increasing addends and differences 
#10 Decreasing addends and differences 
#11 Alternating multiples 
#12 Doubling 


#13 Addend of 1 to 3 coupled with doubling 


#14 Halving 
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The ten items in each of the numerical linear 
tasks, except the generate task, were drawn from this set 
with the same general order being satieanecas The six 
numerals of each sequence were written in one of four 
colours on two sheets of yellow paper which were then 
attached to the front and back of 12cm by 22cm task cards 


and laminated. 


_Numerical: Linear: Interpolate [N:L:I] In this 
task, the child is required to find for each sequence the 
missing element indicated by a hole in the task card. The 
child's respense is written on a piece of paper placed under 
the task card. The gaps vary between the second and fifth 


positions. 


The ten items in the N:L:I task were drawn fron 
the pattern types set out in Table 6 and their pattern 
descriptions follow below. The bracketed numeral indicates 


the initial condition or starting point of the sequence. 


#1 Backwards by 1[(14] 

#2 Multiples of 3 [3] 

#3 Multiples of 5, non-zero [3] 

#4 Alternating addends of 1 and 2 [5] 

#5 Multiples of 6, backwards [36] 

#6 Alternating multiples of 4 and 3 (4, 3] 


#7 Increasing addends [3] 
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#8 Multiples of 4, backwards, non-zero { 23] 
#9 Decreasing differences [26, 20] 
#10 Doutling [1] 


The score is the total number of correct 


responses. 


. 


L. _Numerical: Linear: Continue [N:l:C] In this 


task, the child is required to continue each pattern to the 
right. He records the next two elements on a piece of paper 


placed to the right of his task card. 


The ten items of the N:L:C task were drawn from 
the pattern types set out in Table 6 and their pattern 
descriptions follow below. The bracketed numeral indicates 


the initial condition or starting point of the sequence. 


#4 Multiples of 5 [20] 


#2 Multiples of: 2, backwards, non-zero [21] 
#3 Multiples of 6 [6] 

#4 Alternating addends of 1 and 2 [2] 

#5 Multiples of four, backwards [36] 

#6 Alternating addends of 1 and 3 [4] 

#7 Increasing addends [2] 

#8 Multiples of 5, backwards, non-zero [47] 


#9 Alternating multiples of 3 and 4 [3, 4] 
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#10 Doablinge.[ 49] 


The score is the total number of correct responses 


each of which consists of two elements in the right order. 


M. Numerical: Linear: Reverse [N:L:R] In this 


task, the child is required to continue the pattern to the 
left. He records the next two elements on a piece of paper 


placed to the left of his task card. 


The ten items of the N:L:R task were drawn from 
the numerical pattern types set out in Table 6 and their 
pattern descriptions follow below. The bracketed numeral 
indicates the initial condition or ’tstarting  apoint ©-of = "the 


Sequence. 


#1 Multiples of 2 [8] 

#2 Multiples of 10 [40] 

#3 Multiples of 4, non-zero [13] 

#4 Alternating addends of 1 and 2 [7] 

#5 Multiples of 3, backwards [24] 

#6 Alternating multiples of 10 and 2 [80, 12] 

#7 Decreasing differences [20, 15] 

#8 Multiples of 6, backwards, non-zero [35] 

#9 Alternating muitiples of 6 and 4, 
Backwards { 18, 124 


#10 Doubling [ 16} 
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In the explanation of the activity involved in 


reversibility, the order of the two elements to be recorded 


was emphasized. 


The score is the total number of correct responses 


each of which consists of two elements in the right order. 


N. Numerical: Linear: Select [N:L:S] In this 
task, the child is reguired to continue the pattern to the 
ragnt. He selects his response to each item from four 


choices. 


The ten items of the N:L:S task were drawn from 
the numerical pattern types listed in Table 6. Their 
pattern descripticns are set out below, The bracketed 
| numerals indicate the initial condition or starting point of 


the sequence. 


# 1 Multiples of 11[11] 

#2 Multiples of 6 [12] 

#3 Triads, subtracting 3 [18] 

#4 Multiples of 5, non-zero, alternating 


with a constant [4, 


#5 Multiples of 3, non-zero [2] 
#6 Backwards by 1s eral Bye isi aur, 
separated by a pall bees 


#7 Alternating addends of 2 and 3 [4] 


#8 Multiples of 9, backwards, non-zero [66] 
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#9 Increasing addends [8, 10] 


#10 Addend of 1, then double 


The distractors include the numbers after and 
before the final element, the decade number after the final 
or penultimate element, and a multiple associated with the 


final or the penultimate element. 
The score is the total number of correct choices. 


QO. _Numerical: Linear: Generate [N:L:G] In this 


task, the child is required to make five numerical linear 


patterns of his own choice. He writes at least six elements 


of each sequence cn a blank piece of paper. 


In the scoring procedure, the two points allowed 
for each of the five linear patterns are allocated according 


to the follcwing scheme: 


0 points’ a. A repeated sequence : 
bk. Attempt but i. no pattern obvious 


ii. insufficient information 
c. Not attempted 


7) poinres ae Sequence of multiples which would originate 
at 0 
k. Odd numbers 
c. The relationship(s) in one complex sequence 
repeated in another sequence, for example, 


Tp Pa Pet 5 7, 8 


ee 


feat? odd aeths jeden: wOsden gaye 

aut+ Pees bets todaee ofgidien eo bhe: ey . a 
sees 

aiid Saati ie a 


agusody +09 2700 30" redane [s309> eae ae. 


iseail fsolrzsaen avit aasa ot 
arnomak@ xia sane 2 eatin on ‘seis “ayo: a tos 
jae yao mage ae spee 


; eyes V L uf ‘haw 
‘ f as a est ae ms ie) cr (muy vieh: Pro aieh 


pewouht edad: ows: wai “satabagors yulxeoe: ot at utiyen 
pn Eb2@D oR ho son hie 18 anaes tg weondL evi? edt 36. too" 402 
RN ecu yaa ‘gaayelttos “ae 


Os 


la Me anpoe be 
; “Wbotedo py 3 “eb 
a calaicard) ee a ok, 


otapbyaite bisov aside eargivise 30 69 


i ;  exedew 
oonoupge nafqnon: eno, are feygbdenodsat 
aiganes to? een ae tone ak, be; 


ae ube 6 ae iy ; fi By < r ay 7! 
Fish Ae See 2), ee ° 
pe Ls vee bs ghee? . a ! 
or ! as ¢ r. a se yer tit fi ie ny : 


99 


d. Visual patterns 
€. Incomplete complex patterns 


2,pointss a. A complex sequence, for example, 
multiples not originating at 0 


b. Alternating sequences 


Numerical: Matrix 

‘ The design of all the numerical matrix tasks, 
except the generate task, was drawn from the numerical 
pattern types set out in Table 6. As with the geometric 
matrix tasks, the need for the patterns to fit both ways 
increases the complexity of the problems. The child's 
responses in each of the first four numerical matrix tasks 
are written directly on the task sheet. 
Matrix: Interpolate [NzM:I] In each 


BP. _Numerica 


task, the child is required to fill four gaps in a three by 
three matrix. In each of the items, the top left hand and 
bottom right hand elements are given, while the blank cells 
vary in position, thereby adding a difficulty dimension. 


The pattern descriptions are listed below. 


*Initial ‘ 
Conditicn Horizontal Vertical 
#1 2 Oe Multiples of 2 Multiples of 2 
#2 ‘Ss Multiples of 5 Multiples of 2, 


non-zero 
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#3 10 Multiples of 10 Multiples of 3, 
non-zero 

#4 20 Multiples of 3 Multiples of 2, 
backwards 

#5 g Multiples of 3, Multiples of 5, 


non-zero non-zero 


*Top left hand cell 


In each item, a child scores two points if the 
four elements are correct, and one point if two or three 
elements are correct. The score is the total number of 


points. 
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Q. _Numerical;: Matrix: Continue [N:M:C]} In this 
task, the child is required to supply the next element 
' following each cell on the right and along the bottom of a 


three by three matrix so that the pattern goes both ways. 


The five items of the N:M:C task were drawn fron 
the numerical pattern types set out in Table 6 and are 


presented below. 


*Initial 

Conditicn Horizontal Vertical 
#1 2 Multiples of 2 Forwards by 1s 
#2 5 Multiples of 6 Multiples of 4, 


non-zero 
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#3 23 Multiples of 4, Multiples of 4, 
non-zero non-zero, 
backwards 

#4 26 Multiples of 3, Multiples of 4, 
non-zero, non-zero, 
backwards backwards 
Se 5) Forwards by is Doubling 


*Top left hand cell 


Each vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 


points. 


everse [N:sM:R] In this 


task, the child is required to supply the next element 
following each cell on the left and along the top of a three 


by three matrix sc that a pattern goes both ways. 


The five items of the N:M:R task were drawn from 
the numerical pattern types listed in Table 6 and are set 


out below. 


*Tnitial 
Conditicn Horizontal Vertical 
#1 6 Multiples of 2 Multiples of 3 
#2 1D Multiples of 2, Multiples of 3, 


non-zero backwards 


#3 23 Multiples of 2, Multiples of 6, 
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non-zero 

13 Multiples of 6, 
non-zero 

8 Doubling 


*Top left hand cell 


backwards 


Multiples of 4, 
non-zero 


Multiples of 2, 
backwards 
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Each horizontal or vertical line of four correct 


responses earns one point. The score is the total number of 


points. 


task, 


ways 


cell to the’ right and along the bottom of a three 


S: Numerical: Matrix 


the child is required to continue 


Select [ 


NiM:S In 


the pattern 


this 


both 


by selecting one of the four choices provided in each 


matrix. 


The pattern descriptions of the five items are 


out below. 


#2 


#3 


non-Zero 


Vertical 


Multiples of 2, 
non-zero 


Multiples of 2, 
non-zero 


*Initial 

Conditicn Horizontal 
1 Forwards by 1s 
3 Multiples of 3 
6 Multiples of 5, 


Multiples of 6 


by three 
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#4 13 Multiples of 4, Multiples of 3, 
non-zero, non-zero 
backwards 

#5 5 Doubling Multiples of 2, 
non-zero 


*Top left hand cell 


The distractors include the next number and the 
decade number after the final element in the right hand and 
bottom cells and multiples associated with these final 
elements. Where necessary, alternate distractors were 


provided by adding together the final two elements. 


Each vertical or horizontal line of four correct 
responses earns one point. The score is the total number of 


“points. 


T. _Numerical: Matrix: Generate [N:M:G] In this 
task, the child is required to generate two numerical matrix 
patterns of his cwn choice. He is provided with a sheet of 


paper bearing two blank four by four matrix grids. 


The scoring procedure allows eight points for each 


matrix according to the following scheme: 


7 point: “a. ; ; 
Each row and column with a recognizable 


pattern 
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be 

16 cells filled by the 1 to 16 sequence 
Cs 

One line repeated four times 


If each line of one direction is a set of 
consecutive numbers, two points only are earned, with one 
point if any one line is not correct. If another sequence 
appears in the other direction, one further point is 
recorded. 


Peints are earned for one direction only if one 
consecutive sequence is used or if the pattern is identical 
both ways. If the matrix is correct, one further point is 
recorded. 


Two additional points are allocated for 
complexity. 


1 DOLD: ae ; ; 
A matrix based on a line of 1s 
but different patterns generated 
bk. 
Sequences in reverse order 


Mee POINt S22 a7.) 5 
Dafferent patterns across 
and down, neither containing a line of 1s 


Doukling 


The score is half the number of points. 


The conservation and classification situations 
explored during the present investigation were all derived 
from tasks descrikted by Piaget and his associates (Inhelder 


&- {| Piagetyun 19692 Piaget;  1965;. Piaget” 6 Inhelder)* 1967; 
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Piaget, Inhelder & Smeminska, 1960). 


The testing procedure incorporated the Piagetian 
method of cbserving and questioning children individually. 
Although the piegetian method of questioning is not a 
standard technique, the type of question asked to elicit the 
conservation response is not a significant source of 
variance (Cathcart, 1969; Mermelstein, 1967; Mermelstein 6& 


Shulman, 1967; Pratoomaj & Johnson, 1966). 


In the present study considerable flexibility was 
employed in order to ensure that the children understood the 
verbal meaning of the questions. Neutral but supportive 
comments were made by the investigator in order to encourage 
the child’ to continue his active participation in the test 


situation. 


In each of the respective tasks, the subjects were 
categorized as conservers, partial conservers or 
honconsérvers, or as classifiers, partial classifiers or 
nonclassifiers. If a child's responses indicated a change 
of level of thinking from one stage to another during the 
testing process, the subject was categorized as partial 
conserver or a partial classifier. For the purposes of 
later et atiion ceil analyses, conservers and classifiers were 


given a numerical label of three, the partial conservers and 


\ por 


Srey) 
rca nameaA 2 
owe Pe 


asitops tt odd bereroqzeoat 
ante au BEY tbat naabitdo -— | 
ston “ pataolsesup | | 
oat oF site od betas: gt on > r 
to | |6gatwo': asoty day te s joa! ae 


4. aie tetemseny isaer sshoeienren 


av beogqe da boranp | obtgeup | eft. ony erenevererer | me 
| ith io) SO MARY a eee 
spendoeiia oF 36620, ak coee edt yd aden stew 


oD uk 
' 
i + zien es : 
ie ne a Sea | 4 


feed “eas ak sontaiiolsaeg, 
; aoe Col rer 


. re ivy due aie cc. 


rR q a _ ify 
bs i 4 if ¥ 
i é At owt, ia ‘i 
gi i“ h ine Col . ih 
. 4 a? Pe DF 
ual i iit i : : : a iy 


Renee f [ re hie ae . har ce 
Sy96 - eitpatde att” wedabs isseqa $43 48 daee fi ae 


20 agi@waenmEd) gangaes \areviabeo © (me) Bastax0 


Non oxoksieango isttang setedtiaesl> | a8.) = Hey 


ai 


dl i apasda 6 “betwodbat ‘eeanogaes arnha 
sds ‘pats tedsous: oF epeze’ 00! neat ¢ Reve ( ae - lid 
“i ki Ag igaey ae) “Weihzopeden een) peas enter i a 
° 40 aoncarug: ‘od 70% ints gente te ale Sa 
 erew exetbe age | tas ates 792 M09 4) se yh 


106 


partial classifiers two, and nonconservers and 


nonclassifiers one. 


Conservation: 

Ccnservation of number and area were each tested 
in two situations with each child individually. The number 
tasks were derived from Piaget (1965) while the area tasks 
taken from Piaget and Inhelder (1967) were the same as those 


used by Blackall (1972). 


During the task administration, questions 
eliciting rationalizations were varied, for example, "What 
makes you think so?" “How come?" "How do you know?" 

"Why? After each transformation, the child was asked the 


relevant critericn question, for instance in the Linear 
Correspondence Task, 


Are there as many squares as circles or 
are there more squares or are there more 


circles? 
The order of choices implied in the questions was varied to 


avoid perseveration. 


Item 1. Linear Correspondence Task. Lh shes 


investigations of number conservation, Piaget (1965) 
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included situations involving materials such as counters and 


pennies. Objects of a similar nature in the form of 
Circular and square plastic shapes were used in the present 
study to test the provoked correspondence aspect of number 
ccnservation. The number of objects, however, differed from 
Piaget's reported maximum of ten pairs of objects, though 
the usual quantity was five to seven pairs. In the present 
investigation fourteen shapes were manipulated. Such a 
number was chosen to ensure that a Grade three child was not 
depending on his grouping experiences nor on his ability to 


count rapidly in crder to make a correct judgement. 


The testing procedure began with the subject 
helping the investigator to set up a one to one 
correspondence between the squares and circles. The 
criterion question was 


Are there as many circles as there are 
Squares or are there more circles or are 


there mcre squares? 
As mentioned earlier, the order within the question was 
varied to minimize a child responding to expectation or a 


particular linguistic position. 


The circles were then stacked into three piles. 
To check on his understanding of the language of the 


criterion question, the child was asked 


How many circles do you think there are? 
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The squares were spread out and the criterion 


question asked once more, but in a different order. The 
criterion question was repeated after the squares were piled 


and the circles srfread out. 


If a child's response indicated that he was a 
nonconserver, a further instruction was given while the 
investigator spread out her hands to receive the plastic 
shapes. 


Give me as ‘ge circles (or squares) as 
you think here are Squares (or 


circles). 


A subject was categorized as a conserver if he 
answered the criterion question correctly on the three 
occasions, as partial conserver if he answered correctly on 
one of the occasions when the shapes were not in perceptual 
correspondence, and as nonconserver if he answered correctly 


only when the shapes were in perceptual correspondence. 


Item 2, Circular Correspondence Task. The 
eta situation and categorization procedure of the 
Circular Correspondence Task were identical to those of the 
Linear Correspondence items except for two conditions. 
Firstly, 28 "fun" animals identified as green or purple 


provided the stimuli. Secondly, the arrangement of the 
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objects was circular rather than linear. 


Item 1. The Barns Task. This task replicated 
Piaget's investigation into a child's understanding of the 
invariance of an area relationship upon subtraction of equal 
regions (Piaget et al., 1960). Two pieces demonstrably 
equal in area represented two fields in each of which a cow 
is grazing. Wooden blocks (2cm cubes) represented barns 


which reduced the amount of pasture available to the cows. 


Barns were placed on each field one at a time so 
that the number of barns was always equal. The criterion 
question was 


Does this cow have as much to eat as 
that one, or does this one have more to 


eat or does that one have more to eat? 


The investigator gestured appropriately when the criterion 


question was asked after the addition of each pair of barns. 


The investigator checked with the subject that the 
— pieces of card were the same size and, therefore, that 
the two cows each had the same amount to eat. Initially 
both sets of five barns were scattered; then the barns in 
cne field were positioned contiguously along the edge of the 


field. If a subject rejected the equality of area when the 
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barns were in the contiguous and scattered positions, the 
two sets of blocks were both positioned contiguously 
according to the same arrangement. One set of barns was 


then scattered as before. 


A subject was regarded as a conserver only if he 
could explain the equivalence of the two pastures when eight 
pairs of barns had been placed in the contiguous and 
scattered pesiticns. Similarly, the partial conserver as 
well as the nonconserver was judged on his response when the 
barns were in the contiguous and scattered positions. A 
child who answered correctly at some time during the task 
administraticn was noted as a partial conserver, while the 
nonconserver was one who rejected the equivalence of area 
when the barns were arranged in the contiguous and scattered 


positions. 


Item 2. Transformed Triangles Task. This task 
was also a replication of a Piagetian investigation into the 
conservation of area upon transformation. To acknowledge 
the equality of area, the child must ignore the increase in 
Peeunener (Piaget et_al., 1960). Two congruent triangles 
made from a rectangular piece of card were arranged into a 
large triangle as well as other shapes such as a 


parallelogram in crder to examine a child's ability to 


withstand the apparent change in size. 
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In the present study, the materials used were 


wooden blocks (a 15cm square, two congruent right-angled 
triangular klocks which together form a 15cm square, two 


Oblongs 15cm long and 7!/2 cm wide). 


The subject was presented with the two triangles 
arranged as a square - “your backyard." The investigator 
had the square - "my backyard." The two triangles were 
formed inte a larger right<angled triangle. The criterion 
question was 


DO you have as much room in your 
backyard as I have in mine, or do you 


have more or do I have more? 
If a subject's answer indicated that the regions were 
different in area, a second question was asked. 


If you have to plant your backyard with 
grasS and mine with grass, would you 
need as much grass for yours, or for 
mine, or would they both need just as 
much? 


The triangular blocks were arranged as a large 
triangle and then as a parallelogram. The oblongs in the 
Fore of a square represented the backyard belonging to the 
subject's teacher who was referred to by name. The oblongs 


were compared with the square and then with the triangles in 


various positicns. 
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The children were categorized as conservers, 


partial conservers and nonconservers. The child who 
acknowledged the area equivalence in each arrangement of the 
blocks was categorized as a conserver. The partial 
conserver answered correctly sometimes, while the child who 
maintained there was a change of area with the first 
rearrangement of the blocks was categorized as a 


NCnconserver. 


Classificaticn: 

Tasks to explore a child's ability to classify 
additively and multiplicatively replicated two situations 
described Ey Piaget (1965) and Inhelder and Piaget (1969). 
The testing: rrocedure followed Whyte's (1971) Test Schedule: - 
Wei ageeianiaders which attempts to standardize the Genevan 


protocols. 


The subject was asked to explain his answers 


throughout the testing session. 


Item 1. Additive Composition of Classes. In the 
Piagetian exploration of additive composition of classes 
described extensively in the 1965 report and less so in the 
1969 publication, various materials were used, although the 


situation has become known as the Wooden Beads Test. Whyte 


SFr 


ode Bhibdo edn + eondi ° 
evict Bo roseepant gs. ‘pee. ane * 
fsitteq att) -rovaseag>, Ma 


Re Me Co od? elidw aii ores | 
text + eae itv #936 te cevania 8. Re erat 
5 ame banizogene®, aay «a vind Be | 
si alae ha a i * yal it is eel Mh ‘ie 
Soa a of 
f eqewang and “betgxd, “) esas oon! estas: ait i: 
OAs Mere nue - mokeeen atone dey oe 
a . ie A is . aay ‘ ay ; y hey 4 ‘ ; iy! ; ve ' ta of ae ae vn ni 
i) mt | heat ie UL Ne ta vs we i ree ns, if u id uf . iM 7" as ' ae 
i! } { Y t acy ae 
| a tsomeo “outeisee te obs 5x0. neti 
pel bie yagier 2 scope alalitament nen ML 


oir 


i Yb eee Bava oa 


F | aa 


A13 


(1971) uses plastic beads on the grounds of their 


availability. For the same reason 18 yellow and 2 green 
plastic tiles, 2cm square, were chosen for the present 


study. 


In the pre-test training session, the child 
handled the materials and was questioned in order to check 
that he understood that all the tiles were plastic, some 


being yellow, the others being green. 


When the part was being compared to the whole in 
the testing situation proper, the criterion question was 


££) FOUnade “avo row with*all' the-plastic 
tiles, and if I made a row with all the 


yellow tiles, which row would be longer? 


During the session, the unsuccessful subject's 
attention was drawn to the plastic nature of the green 
tiles. He was given the opportunity to arrange the tiles in 
order tc compare the two rows. He was finally asked 


Are there more plastic tiles or more 
yellow tiles? 


The child was categorized as a classifier if he 
correctly answered the criterion question immediately as an 
indication of his understanding of the relationship of class 
and subclass. The partial classifiers were those who 


answered correctly on less than all occasions. The child 
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who remained firm that the part was greater than the whole 


was categorized as a nonclassifier. 


Item 2. Multiplicative Composition of Classes. 

Inhelder and Piaget (1969) used a number of different 
Situations to determine whether a child realizes that 
subclasses which have been separated can be reunited. In 
the present study, the subject was required to sort "16 
geometrical objects consisting of 4 blue squares, 4 red 
squares, 4 blue circles and 4 red circles (p.165)" in three 
ways, spontaneously, into two subsets and into four subsets. 
The child was then asked the criterion question 


Can you put these [for cranes the blue 
squares] with these [the red squares] ? 


About each of the pairings involving colour and shape. As 
“in the other Piagetian tasks, the child was asked to explain 


his choice: of action. 


A child who recognized that the four subsets could 
be regrouped into two subsets both ways was categorized as a 
Classifier. A child who admitted that the four. subsets 
could be regrouped into two subsets in one way but not the 
other was categorized as a partial classifier. A child who 
Maintained that the four subsets could not be regrouped was 


categorized as a nonclassifier. 
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OE *"the*"erght»+"subtests® “in the* Canadian Tést of 
Basic Skills, two are concerned with mathematics 
achievement. The first, Mathematical Concepts, was designed 
to evaluate the students' understanding of the number 
systen, mathematical laws and the operators. The second 
subtest was claimed to measure problem solving ability. A 


tally of the two subscores furnishes a comprehensive 


mathematics score for each child. 


The two subtests were administered and scored 


according to the procedures set out in the authors‘! manual. 


Thorndike Intelligence Test was 


designed to measure intelligence described by the authors as 
"the ability to work with ideas and relationships among 
ideas (Wright, Thorndike & Hagen, 1972, p.1)." At the 
elementary school level there are two batteries, verbal and 
nonverbal. The verbal battery includes five subtests: 
vocabulary, sentence completion, arithmetical reasoning, 


verbal classification and verbal analogies. The three 
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subtests of the nonverbal battery are figure analogies, 


number series and figure classification. The two subscores 


added together preduce a composite intelligence score. 


The tests (Level A) were administered and scored 


according to the frocedures set out in the authors" manual. 


ee SS SS 


As half the tasks in the Pattern Processing Test 
are numerical, a simple test of number knowledge was devised 
and administered. Spaces were provided on prepared sheets 

for theschi'‘ldren to £il1 in the nultiples of 2,3, 4,5; 6, 
8 and 10. In order to minimize any reading difficulties the 
words "count on," which appear on the sheet, were read aloud 
to the children. A copy of the sheet can be found in 


Appendix C. 


Two points were allocated to each correct sequence 
gees 4s, 6s, and 8s, with the remaining two points being 
shared by the multiples of 3, 5 and 10. One incorrect 
addition earned cne of the two points; more than one 
incorrect addition, no points. The score is the total 


number of pcints. 
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The children were encouraged to use whatever 


method, including finger counting, they wished in order to 
complete the sequences. Although no time limit was set, 
only a few children needed more than seven minutes to 


complete this test. 
Colour Discrimination 


The four colours used in the geometric tasks of 
the Pattern Processing Test were red (R), green (G), blue 
(B) and yellow (Y¥). In case colour blindness or deficiency 
should adversely affect a child's performance, a simple 


colour discrimination test was administered. 


The coloured cardboard shapes used by the children 
to generate patterns [G:L:G and G:M:G] were mixed in 
individual koxes. The children were asked to put all the 
shapes of the same colour into heaps. The investigator then 
asked each subject individually to name the colours 


describing his heaps. 


( hy ft , ’ | 


jevyetsde Sau OF) 


‘or roh20 at ment baits phere tard. 
joe. cen Sk emit 00 ainsi — 
ot neypaote| sever nett Tee) Baten BeTbhi tds’) Wed 
im aa cle A iota en 4 


no aden? siigeaote 943 ak Bean, ‘er90L00 r908 adh 
zai De 2 neexe » (8) Bex, ome eet pnindscoas tiered 


rousto ties to azeubs bid svotos, aan ah eh PNET): 
oiqate spy ReTA TARE atbsinde | Poedaey Ateareybs: on 
ae besmtasatede ey, gest rot 
ee a Wa ala eae Dye hee | 
nezbLide ott ite: bast -eodede Basoatses deroto> at le 
df beahkm em od | bas (Bsaa2) anzer tag eee 
edt Eis. Pod a3), hens ‘awe seabi blo, ‘adr’ \ pened | “Poubiy init 
send nosy i ¥aau iad \ageet otak "wotoe anse aie tg degsda, 
ax nolen’ “oe , Aaaul cs eheaberive doatdae Peres bodes - 
ih ie. Aan ia a ii dhl ay eh vagand ane: eaigiroesd 
mh a hee i i) A ‘ ; “a fos |i j ; ‘ : " an Mn ; Mae 
| S| a 0H la 1 galt | seta SUL eit 6, i a 
hy Peart 7. ayy 
om : " pola. 
- ‘ ke } ; a 


RESEARCH PROCEDURES 


The Edmonton Public School Board was requested to 
allocate four schcols each having at least two Grade three 
classes, with the provision that no adaptation classes of 
specially chcsen pupils be included. Eleven classes were 
subsequently made available to the investigator. The table 
of random numbers in Kerlinger (1973) was used to randomly 
select 100 of these Grade three pupils, no restriction being 
placed on children with low intelligence or physical 
handicap. Although sex was not a stratification variable, 
the sample’ fortuitously contained fifty girls and fifty 


boys. 


The sample ranged in age from 92 to 134 months, 
with a mean of 104.5 months and a standard deviation of 5.5 
months. The sample's intelligence scores derived from the 
Canadian LorgesThorndike Intelligence Test, ranged from 73 


to 139, with a mean of 114.0 and a standard deviation of 


14.4, 
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A class of 20 Grade three pupils with equal 
numbers of girls and boys provided a group for pilot study 
purposes. Ten Grade four pupils were also included. The 
purposes of the pilot study were fourfold: first, to obtain 
a measure cf reliability for the Pattern Processing Test. 
In order to do so, a parallel form of the Pattern Processing 
Test (Form B) was prepared. The items of Form B were based 
on the same pattern descriptions and types as the main form 
(Form "A") although different colours, shapes and numbers 
appeared on the task cards. Half of the 30 children did 
Form A followed by Form B, while the other half reversed the 
order of the two forms. The results of the Pearson Product 
moment correlation analysis are presented and discussed 


later under "Evaluation of the Instruments." 


The second purpose of the pilot study was to 
consider the adequacy of the number knowledge test as a 
simple check on a child's facility with number. The 
findings from this test are also discussed under "Evaluation 


of the Instruments." 


The third purpose was to determine whether 
conservation of number should be included in the main study. 


Doubt about the ability of all Grade three pupils to 
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conserve number arose from Blackall's (1972) study. The 
Linear Correspondence Task, described above, was presented 
to each child individually. Of the 20 Grade three subjects, 
12 were categorized as conservers, 2 as partial conservers 
and 6 aS nonconservers. Among the Grade four subjects, one 
was categorized as a partial conserver and three as 
nenconservers. These results were the basis of the decision 
to include conservation of number tasks in the main study 


instrumentation. 


The fourth purpose of the pilot study was to 
assess time limits and to allow trial administration of the 
Pattern Processing Test in a group situation. The time 
limits resulting from the administration of the two forms 
have been “incorporated in the description of each task set 


out in Appendix A. 
Data_ Collection 


The data were collected between January and April, 
1974, The classrcom teachers, all of whom hold current 
Alberta teaching certificates, administered the Canadian 
Thorndike Intelligence Test in January and the 
February. The intelligence tests were optically scored on 


the school toard's computer, while a graduand in elementary 
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education scored the two mathematics subtests. The 


procedures set out in the authors* manuals for the two 
standardized tests were followed. The number knowledge test 
was also given by the classroom teachers in February and 


scored Fy the investigator. 


During March and April the Pattern Processing Test 
was administered to the 100 subjects in the sample in five 
groups by the investigator who corrected and scored the 
children's responses. Each group attempted the tasks in the 
same order. The colour discrimination task was incorporated 
in the Pattern Processing Test sessions. During the same 
months the administration of the conservation and 
Classificaticn tasks was shared between a graduate student 
in educational psychology and the investigator who 
categorized the children's responses. The order of the six 


Piagetian items was varied but not to a particular pattern. 


For the group and individual testing sessions, 
each school provided comfortable, well-lit and undisturbed 


quarters. 


Age and intelligence scores were secured from the 


cumulative record cards. 


‘edt. -ateogdnay “bounces 
ows. od3 xo eisvass, he te x i 
tees epbotnona aedapa: ott f boo 

bas pravadet ai aredoes? mo 1988 a 


tea? onte@snor4 waste, one shate. was aan puna : 
anit | ab olgane eccreagprcetosi 2 oat 


can Be cae ng een | 
bits nol tevaaaao9 
¥ ite ih jetpaber , iy | 
omiw oteggraenad. 
pl edz ct bans ie 


ne ints 


ode, went ‘boxpagg) ou ae sone dite seat oes a iG 


n 1 
ey 
ai 
a a 
, | 
‘) 
1 fad ° 


122 


The data for this study were analysed using the 
fcllowing procedures which have been prepared as computer 
programs by the Division of Educational Research of the 
University of Alberta. 

1. Factor Analysis (FACTO1) 


A correlation matrix leading to a factor analysis, a 
technique used to determine if the original set of 


variables can be reduced to a set of factors amenable 
to interpretation. 


2. Pearson-Froduct Moment Correlation (DEST0O2) 


A ccrrelation matrix computed for Lhe abr 
perscnal and instrumentation variables over the total 


sample. 
EVALUATION OF THE INSTRUMENTS 


A detailed description of the design, 
administration and scoring of each of the instruments used 
in this study has been presented earlier. In this section 
an evaluation of these instruments, based mainly on the data 


from the present study, is reported. 


Pattern Processing Test 
The Pattern Processing Test will be evaluated from 
three aspects: first, validity; secondly, reliability; and 


thirdly, the order of difficulty within and between the 
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separate tasks. 
Validity The aspect of validity relevant to the 
present study is construct validity, the analysis of the 
meaning of ron components in terms of psychological 
concepts (Cronbach, 1970) which are "constructed" to 
Summarize or account for the regularities or relationships 


observed in kehaviour (Thorndike & Hagen, 1969). 


The construct under consideration in the present 
study is pattern processing ability. The validation of the 
instruments used to measure this construct depends on the 
closed matrix established among the five pattern processes, 
the two forms (geometric and numerical) and the two 
arrangements (linear and matrix). Each cell in the task 
matrix contains a test incorporating the three components of 
pattern processing, process, form and arrangement, in all 


possible comkinations. 


The five pattern activities were extracted from 
investigations ccnducted by Bartlett (1958), Donaldson 
(1963), Klahr and Wallace, (1970) Simon and Kotovsky (1963) 
and others. The two forms are commonly found in elementary 
mathematics programs, while the two arrangements, which 
Piaget and his Genevan associates have explored, are found 


in more advanced mathematics programs. 


bic rroLedayed to auzet a sasesnie teed ar 
ov. "nesouate don” ee “aotaw “xotetiy sAvedaea2) » 


| | nny he rerhe SB 
tneeety odd ‘wk sod dexrebtea0n ahs dourtenoe rs a ae 

in A MM ear ents mt ; 
eit to not+ab Liev ‘edt. Tiygatbae vilie2s0%g sae7ey at | 


ods ge abneqed : 2207 te003: ‘bids Sxoassu os ‘boew ei 
+89 28P307q cr99 +94 avis: ot paows howe tangoe peeve ‘. 
ows, ed “bite (ies kzeman “baa gnats “emr0d es 
Bebe, sat? “age feo leet, Kr Luidttan Bee bes syouts) -atnemspas i 
Linsoqnoonk teed Ptmancae xin 


ms ae Bere 


+0 s9ananghoa parks met 


4 


| his ver Ae Wn any Wi cee : Moe * stoke enters a) 
eS OS aR Oe ee oat wait 


ort bot Ne 


ace 


38 orb aettivigea “aaa9teq" on eat 


, doebLancd > mee. bre xe “Pedvoubaos : 
Mins {haerY iswosox bas. some corer 908hL6N ona. ates 


- Parsi oe 
_ yasshpeots at banok vesomno., ozs eatodiony tt “varedso bas) 


dob sey semepasste ons 39) eatvensiten 


Thy ‘etd has ‘tepeid 


‘ 
an Bt tat nae 
mr haired ois. ‘shezobaxe owed ‘bee on eto ; 
aa Bh ne: ie eis a v9 at ie sae 3 hile aay a, ‘ pes anaes 
nS akN re a veaimnabg | Some | peaoavbe ‘otom nk - 
a 4 ae a ti in! Cole r, ite) salir ‘ “i ne “ete f a * | =r a ; ee a. 5 a ; 
i ip Bt : i : ; MY max ; : % “E : ; : “dt iM 
’ . , oe iN mh i 
2 inn : ’ itt ee : Pete 
- . i. C * ‘; * ‘ t ’ i 4 ni ~ 
: ‘ ~) iain iy ate a ay at 
he. et hh oe ape 3) ean: , BN Sa nem a} 


124 


The results of the factor analysis applied to the 


children's performance on the Pattern Processing Test 
(reported in Chapter IV) lend support to the validity of 


pattern processing ability as a construct. 


Reliability. One of the purposes of the pilot 
study was to oktain a measure of reliability for the Pattern 
Processing test. A parallel form (Form B) was prepared 
according to the same pattern descriptions and types as the 
main form. The means and standard deviations of the 
parallel forms are shown in Table 7. Product Moment 
correlation coefficients between the two forms were computed 


using total task scores. The correlation coefficients and 


associated prokabilities are presented in Table 8. 


Twelve of the tasks had a high parallel forms 
reliability (p<.01) while three had moderate reliability 
(p<.05), with another one approaching this level (p=.06). 
Of the tasks with low reliability, Test D [G:L:S] and Test M 
{N:L:R] showed significant differences in favour of Form B, 
ohine the reverse applied to Test B [G:L:C:]. The remaining 
task, Numerical: Matrix: Generate, showed a significant 


improvement from the first to the second administration. 


Order of difficulty. It will .be recalled that 
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TABLE 7 


PARALIFL FORMS OF THE PATTERN PROCESSING TEST: 


MEANS AND STANDARD DEVIATIONS 


(N=30) 
FORM A FORM B 

Mean SD Mean SD 
G:L: TI 7.63 2.24 7.74 2.19 
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GeL:R 4.96 Zeit | 5.44 PLAS 
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G:M:i 6.23 Vege Sepsis: 2047 
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TABLE 8 


PARAILEL FORMS RELIABILITY OF THE 


PATTERN PROCESSING TEST 
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correct respcnses to items in the Pattern Processing Test 


were to be accepted by consensus of three elementary 
mathematics educators. Each judge answered the geometric 
tasks ina form where the shapes were uncoloured. Then the 
colours only were gone through. The judges completed the 
Numerical tasks as set out in the procedures (see Appendix 
A). Complete consensus on the acceptability of responses 
was reached. In the construction of the Pattern Processing 
Test, an attempt was made to increase the difficulty of the 
items within each task. The geometric items followed the 
order of the Holland Test Series (Appendix B). According to 
Klahr and Wallace (1970), the evidence to support their 
claim that the items are arranged in order of difficulty 
came from a longitudinal study of five and six year old 
children who each solved over 300 series completion 


problems. 


The numerical items were drawn from a compendium 
of items gathered from various intelligence tests which have 
been normed using extensive populations, according to 
authors" manuals and the seven Mental Measurement Yearbooks 


edited by Oscar K. Buros from 1938 to 1972. 


In a fpost-administration consideration of the 
order of difficulty, the number of correct responses for 


each item in the interpolate, continue, reverse and select 
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tasks was calculated. These totals can be found in Tables 


8, 9, 10 and 11. The tabulations may be looked at in two 
ways: first, to compare the items within a task; and 


secondly, tc ccmpare the total task scores. 


In the geometric linear tasks (see Table 9), the 
percentage cf correct responses generally decreases 
throughout each task, except for one iten, #5, in which 
shapes alternated singly while the colours alternated in 
pairs. There is a sudden increase in difficulty in #9 and 
#10 in the interpclate, continue and reverse tasks where the 
correct respcnse was not present on the task card and had to 


be inferred from the information given in the five elements. 


In the geometric matrix tasks (see Table 10), the 
expected gradual decrease in the number of correct responses 
occurred in the continue and select tasks, but not in the 
interpolate and reverse tasks. In the interpolate task, the 
interchange of #2 and #3, and #4 and #5 would rectify the 
situation. The ccmmon feature of #2 and #4 is the inclusion 
of shape-pairs which may have provided the extra difficulty 


component. 


In the reverse task, #3 and #5 proved too 
difficult for the subjects. With hindsight it can be seen 


that #3 was varied too much from the pattern description 
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TABLE 9 


GEOMETRIC LINEAR TASKS: 


PERCENTAGE OF CORRECT RESPONSES 


(N=100) 

=) pi teatagalahammans “gcse aml et Racca aaa 

Item Gs L324] fG:L:C] [G:L:R] forL: S.J 
#14 92 Bu 59 82 
#2 83 86 68 97 
#3 92 86 43 86 
#4 90 124 87 95 
#5 60 50 30 51 
#6 | 80 67 34 79 
#7 62 76 32 78 
#8 : 61 66 27 71 
#9 22 12 . 6 73 
#10 24 13 5 35 
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TABLE 10 


GEOMETRIC MATRIX TASKS: 


PERCENTAGE OF CORRECT RESPONSES 


(N=100) 
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upon which the geometric items were based. #5 showed a 
substantial increase in the number of children who did not 
complete it. There were 70 responses in the uncompleted 
category between the two aspects of #4 and 106 for #5. The 
only aa Tee rences between #4 and #5, which have identical 
pattern descriptions, are the shapes and the location of the 
cclours. It seems, therefore, that the content of #5 does 


not account for the low performance. 


In the select task, #5 proved too difficult. 
Perhaps because of its difficulty, the children did not 


engage themselves with the problen. 


In the numerical linear tasks (see Table 11), the 
percentage ‘cf correct responses generally decreased 
throughout e¢ach task, except for #8 which had more correct 
responses than #7 and sometimes #6. In each task, the 
pattern type for #8 was multiples of x, backwards, non-zero, 
while #7 involved alternating or increasing addends. 
Alternating multiples was the common feature of #6 in the 
interpolate task and #9 in the continue and reverse tasks 


all of which produced low performance. 


When the correct responses in the numerical matrix 
tasks (see Table 12) are combined for each item, the number 


consistently decreased throughout each task. The horizontal 
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TABLE 11 


NUMERICAL LINEAR TASKS: 


PERCENTAGE OF CORRECT RESPONSES 


(N=1C0) 

roma nw a geen aaa da ed die ed a cn cinta 

Item a RTs Pe Ls Cy (NsL:R] ENGL Si) 
#1 97 $9 80 86 
#2 a4 76 89 63 
#3 79 vA 5¢ 18 
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#7 30 De Ze 37 
#8 4 3 45 25 32 
#9 Reba i 3 1 36 
#10 23 9 8 4 
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TABLE 12 
NUMERICAL MATRIX TASKS: 
PERCENTAGE OF CORRECT RESPONSES 


(N=100) 


SDDS aaa ae ae ee aa a a a a a ee ee ee ee ee ee 
=—— Sa a a a aS SS Se ES SS SS SE SS SO ES SS SE EE EE EE SE SE EO 
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enei0 vo 44 v11 
#5 

P 9 H 4 H 18 


Total 322 483 377 


Ce Centrak V =SVerticar 
P - Peripheral H - Horizontal 


ee ee _ _  e 
a nt 


134 


—— 


S 
[N:M:S] 
v 95 
H 79 
V 880 
H 68 
vy 59 
H 54 
v 57 
H 37 
Voie 
Pees 
554 


i ne es 
| .. Sesaosia | 
Sem ase saa ‘aman cralesage Laan 


TD 


score for #5 of the continue task (4 correct responses) is 
unexpectedly low as its pattern description which includes 
backwards non-zero multiples is similar to the relatively 


easy eighth item in the numerical linear tasks. 


As well as an order of difficulty within tasks, 
the data in Tables 9 to 12 allow consideration of between 
task difficulty. The total number of correct responses in 
each task is summarized in Table 13. Generally a linear 
task has about the same or more correct responses than its 
corresponding matrix task, the main exception being in the 
numerical select tasks. On the other hand, the geometric 
form of a task has consistently more correct responses than 


its numerical form, except for the geometric reverse tasks. 


Although some items of the Pattern Processing Test 
obviously are inappropriately placed or designed, the number 
of correct responses indicates an increase in difficulty 
within tasks as well as between the two forms and between 


the two arrangements. 


The two conservation tasks and the two 
classificaticn tasks were taken directly from Piaget's 


studies which underpin a recognized theoretical framework. 
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TABLE 13 


PATTERN PROCESSING TEST: 


CORRECT RESPONSES FOR EACH TASK 


(N=100) 
BEE VERE ae ae ce FAVS Dee pipers On te 
__ Matrix Linear Matrix 
Interpolate 666 526 Say S22 
Continue 618 623 467 483 
Reverse 391 391 426 9 ia 


Select 747 604 435 554 
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As well, these situations have been replicated in numerous 


research projects. Although children's performances at 
certain ages vary from study to study, the investigators 
report similar responses to the particular tasks. On these 
grounds, the Sty Piagetian tasks have been included in the 


present study. 


Standardized Tests 


ee ee es ee ee ae See 


Mathematics achievement 


Test of Basic Skills: Mathematical Concepts and Problem 
Solving. According to Birch (Buros, 1972), the test battery 
has such a long line of respected antecedents that its 
‘Status need never be in doubt. The reviewer praised the 
technical sophistication of test design and the production 
of norms which are provided for each subtest as well as for 
the whole test. Standardization was established on a group 
of over 30,00 children drawn from a stratified randon 
sample of over 200 schools throughout Canada. Although it 
makes very few concessions to the newer mathematics 
Syllabuses, Birch maintained that "for the present, this is 
probably as useful an instrument as exists (p.15)." 


Reliability coefficients for the two subtests , Mathematical 


Concepts and Problem Solving, are .82 and .83 respectively. 
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Intelligence. Intelligence was measured by the 


Verbal and Nonverbal Batteries, Level 3 Form A of the 


Canadian _Lorge-Thorndike Intelligence Test, which meet 


generally accepted standards for test construction and 
standardization procedures, according to Tittle (Buros, 
1972). Wright, Thorndike and Hagen (1972) cited an Edmonton 
study in which a reliability coefficient of .939 for the 
verbal and .9$27 for the nonverbal batteries were obtained 


for Grade three subjects. 


Other tests 


ae eee ee 


Number knowledge. The adequacy of this simple 
test to measure a child's facility with number was based on 
teacher opinion. The scores of the pilot study subjects 
were discussed with their two mathematics teachers who 
considered that the scores reflected the pupils! level of 


number facility and discriminated between high and low 


achievers. 


Colour discrimination. This simple test of colour 
discrimination is used in the Reading and Language Centre of 
the University of Alberta (Dr. W. Fagan, Director) and is 
regarded as a satisfactory means of determining whether a 


child has gross problems in colour discrimination. In the 


present study, there were no children who indicated 
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deficiency in this area. 


SUMMARY 


In Chapter III, three main aspects of this study 
have been presented. The first section contained an account 
of the design and administration of the instruments, 
followed by a discussion of the research procedures in the 
next section. The chapter concluded with an evaluation of 


the instruments. 
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CHAPTER IV 


RESULTS OF THE INVESTIGATION 


This chapter is devoted to the results of the 
investigation. Under each of the four purposes, details of 
the results of the particular instrumentation are followed 
by a discussion of the relevant hypothesis. The analyses of 
the data were carried out on the IBM 360/67 computer using 
Fortran programs devised by the Division of Educational 


Research of the University of Alberta. 


It will be recalled that 100 Grade three subjects 
were administered a battery of tests in order to assess 
pattern processing abilities 
conservation of number and area 
classification: additive composition 
multiplicative composition 
mathematics achievement 
intelligence 
number knowledge 
colour discrimination 


and the various relationships within and among these 


140 


ent 20 es iueet oA? oy. poe hie eH SAD 
io abbetad Ponogiyg su02 42 Me dag spa 
bevetie? as cortssasneaseat aed 
2 voeyisas ed? _sBigedsogyd tis voln | 
pation lk hail TAVOae, Nar ate ae coe ‘ 
iscokeaaubs +0 nolalvid de "hind vei, ‘eesap034 


eae } 


-eonedtt ae Kekezerian ball 26 7 | 


: s9etdem asa obsaa oe od betsecion si “Atty. a 
aeeRe, wes 9620. at votes Yo, gretted: & _ocaaoalada. 

vin * epdai ase neon ine | 

10%8 hes redaoe io! noktavisagon | 


al ai G19 iaoqaeo, avisthae: saobieottgaaaty 


aot? tsogaba sinbpodigtrine , ee Ae uae 
ae Pra es 3 - daomsveddos aokes : 
; | i al Pt I 


sma ta bas, siete “eeiegotzaton, Blotiow | eds 


141 


variables. 


The means and standard deviations of the 
performance of the sample on the Pattern Processing Test are 
presented in Table 14; on the Piagetian conservation and 
classificaticn tasks in Table 15; and on the tests measuring 
mathematics achievement, intelligence and number knowledge 


as well as age in Table 16. 


I. PATTERN PROCESSING ABILITIES OF GRADE THREE PUPILS 


es ee Se ee 


The Pattern Processing Test which was used to 
measure pattern processing abilities was described in 
Chapter III with the complete test set out in Appendix A. 
The children were required to interpolate, continue, 
reverse, select and generate patterns in two forms, 
geometrical and numerical, and two arrangements, linear and 


matrix. 


The means and standard deviations for the 100 
subjects on the hierarchy of 20 tasks were set out in Table 
14, while the percentages of correct responses for each item 


were reported in Tables 9 to 12. 
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TABLE 14 


PATTERN EROCESSING TEST: MEAN SCORES FOR EACH TASK 
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Reverse 
Select 


Generate 
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TABLE 15 


PIAGETIAN TASKS: 


MEANS AND STANDARD DEVIATIONS 


(N=1C 0) 
| Mean SD 

Conservation of Number 

Linear Correspondence 2.71 .O¢g 

Circular Ccrrespondence 2.84 <on 
Conservation of Area 

Barns Task 2.54 ~ 84 

Transformed Triangles Task 2.47 «85 
Classification 

Additive Ccmposition 2.64 254 


Multiplicative Composition 241 ~ OF 
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TABLE 16 


MEAN MATHEMATICS ACHIEVEMENT, INTELLIGENCE AND NUMBER 


KNOWLEDGE SCORES AND AGE 


(N=1C00) 
a. oe | Near fy oop ya 
Mathematics Achievement: 
Mathematical Concepts 37.93 8.49 
Problem Solving Shslseks 9.25 
Tot ad: 37.93 82.30 
Intelligence: 
Verbal W512 2 15.42 
Nonverbal 113.44 WO 105) 
Total 114.02 14.44 
Number Knowledge 8.41 Zeitc 


Age (months) 104.47 5.54 
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The children's performance on items with 


particular characteristics will now be discussed. Some 
individual items have already been mentioned in Chapter III 
in the section on order of difficulty, while Chapter vV 
contains a categorization of error strategies employed by 
the children in the four tasks with preset correct answers 


(interpolate, continue, reverse and select). 


Gecmetric: Linear. In the geometric linear tasks, 

items where the shape and colour go together, for example, 

G:L:R #4 RS RS GC GC RS RS 
had correct responses of 80 per cent or higher. Items in 
which the rhythm cf the shape sequence differed from that of 
the colour sequence, for instance, 

Griec #5 GbeXT AD GL GDoYT 
the percentage of correct responses did not exceed 60. In 
items #9 and #10, the - problem introduced by differing 
rhythms for the shape and colour sequences was increased by 
the absence of the correct answer from the set of elements 
in the stimuli as, for example, in 

G:Ll:I #10 RY PyBIe RSpYT BS 
Thee aayi woe percentage of correct answers on such items was 


24, 


The percentage of correct responses for all items 


in the four geometric linear tasks with preset correct 
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answers was shown in Table 9. 


In Test E, the children generated four sequences 
which were scored for pattern in shape and colour. Of the 
4C0O possible Se icndes, 131 demonstrated pattern in both 
Shape and cclour; 23 displayed pattern in shape but not 
colour; and 67 in colour and not shape. In 42 sequences 
same shape same colour was featured in the patterns produced 
as, for example, in 

YOUST YOR YO°BT YC 
There were nine sequences in which pattern in both shape and 
colour was impaired by one element as, for instance, in 
GS BS GC BC BS RC 
The total number of sequences which scored either one or two 
points was 272. The categorization of scoring sequences for 


TeEestln aS set out in Table 17; 


A selection of the 11 sequences which gained an 
extra point for complexity is represented below. 
RD YW BD RW YD BW RD 
RD YW RE YD RW YC ORD 


YC..BW YC “GC BW°GC YC 


Nine children produced four random lines each, 
that is, 36 sequences, with an additional 21 coming from the 


rest of the sample. Randomness was restricted to colour in 
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TABLE 17 


TEST E (GEOMETRIC: LINEAR: GENERATE]: 


CATEGCRIZATION OF SCORING SEQUENCES 


Bees a ae ae ee a aa a as a a a a a ae a ae ae ae ee 


Number of 


Pattern Category Sequences 
Two Points 
Both shape and colour T34 
QOne_Point 
Colour only 67 
Shape only 23 
Same shape - same colour 42 
Impairment by one element 9 
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seven sequences and to shape on one occasion only. One 


shape only appeared in 55 sequences and one colour only in 


25 sequences. 


In the geometric matrix tasks, 
the scoring procedure for Test F {G:M:I] differentiated 
between shape and colour. In all five items there were more 
correct respconses on shape than on colour, the differences 
being 5, €, 36, 22 and 35. Item #5 is the only one to use 
three shapes rather than two; however, in items #3, #4 and 
#5 the four cclours' cycle. Altogether the maxinmun 
percentage of correct responses for the ten items in the 
geometric matrix tasks where the colours could be said to 


cycle was 67, and this occurred in G:M:S #4. 


Test G [G:M:C] showed a regular increase in the 
number of errors. Even though Item #3 with 73 correct 
responses vertically and 58 horizontally used four colours, 
they did not incorporate cycling and did not seem to present 


the difficulty found when the colours were cycling. 


The low performance of the children on Test H 
{G:M:R] has keen noted already. Although Items #3 and #5, 
which had no ccrrect responses, are misplaced within the 
Pattern Processing Test, they do provide more advanced 


pattern examples suitable for students beyond the scope of 
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the present study. Samailarty; €5 of -Test /2y [(G:4:S], in 
proving too difficult for the Grade three subjects, contains 
useful complexity within the four by four matrix for more 


mature students. 


In Test J, the children generated two matrices 
which were scored for pattern in the horizontal and vertical 
directions. Of the 2C0 possible matrices, 60 displayed 
pattern in both directions with 39 of them being 
checkerboard in design. Forty-seven matrices of a random 
Mature were produced, with another 14 nearly random. 


Fourteen children each made two random matrices. 


The non-random matrices excluding the checkerboard 
patterns were categorized according to the three 
errs ua tens of reflection, transformation and rotation. 
The 100 matrices were made up of 13 reflectional, 63 
transformational and 24 rotational patterns. The 22 
successfully completed matrices excluding those of the 
checkerboard type, were categorized as 2 reflectional, 6 
transformaticnal and 14 rotational. The categorization of 


the scoring matrices is presented in Table 18. 


Seventeen matrices earned two points FOE 
complexity, the criterion being the inclusion of three or 


more colours and shapes. An example of this level of 


eer 


af BB ay hg saan te 


grist aon sasnotas, sendy oben 


me 


nee) tutee ‘ows. baa eaesee, “agp oo 
' scltaew bus Eapagsized esis ai) 089 ss 


pated, . eons ta 186), * 
- cmptesb: oak ie 


tite’ Pe 
Ph Mh 


mobant one jhe owns. eal “shieteng am 


nobaaa s ho aaoks tem A 


whi ‘gdalon ssndds) r 
weit Lemon aides 


ne di i a i nt ‘a wy ic be 4 np Lh oh he ual ela ie eer Homi 


mieciaial stra settee ro 


ri a hi ‘ 
‘yt als, 4 a4 Oe aaa 


( rok iy 
‘ i an 
, ee, hi ny! 
4... ' A ’ 
f- ce aed ‘ee 
st br a i" } » r, 
> sary ei i ; if iw f 


150 


TABLE 18 


TEST J (GEOMETRIC: MATRIX: GENERATE]: 


CATEGORIZATION OF SCORING MATRICES 


(N=1C 0) 
<a Other ee 

Pattern in Both Non-randonm 

Directions Matrices 
Checkerboard 38 1 
Reflection 2 11 
Translation 6 57 
Rotation 14 10 
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complexity is shown below. 
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Five matrices earned one point for complexity. In 
this case ‘the criterion was the inclusion of three or more 


cclours or shapes. Such a matrix is represented below. 
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Within the numerical linear 


tasks four items displayed some visual pattern above their 
numerical sequencing, as in | 
Nec #1 20°25°30 35°40 45 eC# Tx 


and 
67 77 
NsLzS #1 N1@22233 44 SSc6e 
65 88 


The percentage of correct scores for this type of item 


ranged from 79 to 99. 


Where two addends were alternating, as in 
Nsr32 #4 5) 67% 95 11 12 

and 
ig ei #4 * * 7 8 10 11 13 14 


the percentage of correct responses ranged from 63 to 37. 


Three items which incorporated increasing addends, 
as in 

N:13:¢ $e | 2, SOO Ory or Ee 
had 30, 22 and 36 correct responses, whereas the two items 
with decreasing addends, as in 

N3 Ler #9 26 20'S "875 .6 


had 14 and 22. 


An item with alternating multiples seemed to 


present a figure-ground situation to the children. The 
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children seemed to experience great difficulty when the 
alternates were close together, for example, with the 
multiples of 4 and 6 in 

NeL31 #6 82%. & 631259 (13 correct responses) 
and 

NE eee #9 Shbe6 8a9~A2 (3 correct responses) 
By comparison, less difficulty was experienced when the 
alternatives were grossly different, for example, the 
multiples of 10 and 2 in 
N:L:R #6 * €,802 T2270 508 60° 16 (41 correct responses) 
The difficulty became magnified, however, when the sequence 
was completely reversed as in 


N:L:R #9 *%)18,42112 84644 (1 correct response) 


Faur items incorporated doubling. The number of 
‘correct respcnses ranged from 23 for 
Ns Ls #10 1p2e*- 8516232 
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In Test 0, the children generated five linear 
sequences each of which could score up to two points 
depending on its complexity. Of the 500 possible sequences, 
80 earned twe points, while 281 gained one point, giving a 


total of 361 scoring sequences. There were five children 
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Whore did. not. jscore: “at Tail: Altogether there were 48 
sequences which seemed to be without any order. Some, for 
instance, 

9%62=93° 4-92-6006 
seemed to be quite random in nature. A further 31 sequences 
did not score as they repeated a relationship which had 


already gained one point in another sequence. 


The categorization of the 361 scoring sequences 


according to type is set out in Table 19. 


Of the sequences gaining two points, there were 29 
of multiples not criginating at zero, for instance, 
39152127 
140 170 2€0 230 260 290 
with the constant addend of 4 being the most frequent (8 


occurrences). 


Alternating sequences amounted to 20 of which 12 
involved the decade numbers and another 5 counting by 1s. 
The other three were 
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TABLE 19 


TEST C [NUMERICAL: LINEAR: GENERATE]: 


CATEGCRIZATION OF SCORING SEQUENCES 


See ae aaa ae a eS eae a a a a a ae ae a ee ee ee 
ee ee 


Number of 
Pattern Category Sequences 
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A sequence alternating with a constant 
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Doubling 

Others (More complex) 
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Total 
Qne_Point 


Multiples - 2 to 10 
Multiples - 11 to 100 


Multiples - others 
Multiples Lackwards 
Forwards ky 1s 

Backwards ty 1s 

Odd numbers 

Visual patterns 

Incomplete complex patterns 
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included three of the 1,2 type. The other three were 
312)-523'6.2 82: 92 
Sid 15 16 22 


ay 3) a8. A2 13 


In the six examples where one sequence alternated 
with a constant, there were three involving counting by 1s. 
One of these was 

Poans, Wiel <78 
The other three incorporated the multiples of 2, 5, and 10 
respectively, the latter being 


4 @ 14 8 


The seven sequences made up of triads as, for 
example, in. 
1O0e¢79 502 2021-422 BOC 3432 


and 


Lees ZHITUG Sieg Ue an | 


all involved counting by 1s. 


Four of the five doubling sequences were of the 


type originating at 1, the other originating at 5. 


There were seven sequences with pattern 
descriptions more complex than any included in the tasks 


with preset responses. Two sequences featured increasing 
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addends where the differences also formed a pattern. 
De TTA TS [1-2,2,4,4] 
Vises 8s a 1'55919 [2,2,3,3,4,4] 

Alternating sequences in triples appeared in 

Shem or bo: Te oe 2a. 2" oS 
while 

TO 2030 30% 32° B87 43+ 53 63 
is an example of a similar kind where the child displayed 
the complex relationship but with faulty execution, a 
distinction pointed out by both Bartlett (1958) and 


Donaldson (1963). 


~The most complex pattern, which was produced by a 
girl aged 8.9 years and with an 1.Q. of 138, involved 
alternating. decreasing differences, a type not included in 
the Pattern Processing Test. 


567507457 39534 


It may ke noted that the proportion of sequences 
earning twc points per subject for each of the 11 classes 
ranged from 1.54 to .14, the intermediate proportions being 


1244, 1.33 Buse 66, 260 A855, 43 Betand Voz: 


Of the 281 sequences which scored one point, 205 
were runs of multiples, the most frequent being the 2s with 


50 instances. Ancther 15 featured multiples going backwards 
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with the 2s and 10s each appearing in six sequences. The 


distribution of the sequences involving multiples is set out 


in Table 20. 


Counting by 1s forwards accounted for 28 
sequences, and backwards for 9. The odd numbers appeared in 
four sequences and visual patterns, for example, 

160° 1960 10 00 1C0 10 


in three. 


The sequences categorized as incomplete complex 
patterns generally indicated that the child had a particular 
pattern in mind but did not supply sufficient information to 
establish the relationship clearly. An example like 

6474 14 
illustrates the lack of certainty. Two more elements would 
have determined whether the child intended his sequence to 
have alternating addends about a constant, a quite complex 
pattern description. Altogether there were 17 sequences 


assigned to this category. 


In the numerical matrix tasks, 
the scoring procedure for Test P [N:M:I] differentiated 
between the correct responses which included the central 
number of the matrix and those correct responses involving 


only numbers on the periphery of the matrix. Of the 


OT be PN eon aide Ae | 
vi iP : 


Oey 


ait .2eoneupas: 5 Be ae igus 


J eee t ett oy aoe ( 
tno, toa et eaigitiva _gaivtorit asoraspes: ota to 
; te ea ‘Ey. 
i ) > diy ae *) aa } Rls j 
da) ~~ it ‘ote epee 


RR bet en nae , “ abaEvEOR oy patsaved © 
ei beatseggs cisdara fSo ait ee zor eee Bas cok 
solneee to® ivaatintea isvety bab (2858 

OF. oor 0or of 00 oor Pho pe tig 


: ; f Se tit y ‘ 
ie ia hg Ml 
a ; uf aaa rere 2 A) Wee P 


elustiaeg 8 bad pido ‘odd seid sesaoliben ti taz909p nine 
ay AS 
: Fidel nai Boke ai - Bis 7 


OF BOEF sazetat trototyna. , £ 


SFR: Siquexs aa . > ak . | 

: er Me jae oh asl Pte 
bivow otasmek 3108. cal Yontesze0: 20 dad) pre 
od sonaupee etd bobassick Bibb edt aedtodw peatexersh 
pore or kup & ‘anareaoD » tuods ‘ebasbbs: ‘padesaastie vm | 


(ioe a 


Z0DASh pes er aa puanoh zedsspoeths capo eatenand cmsedteg | 


74 wt 
ef 5 
; rt ead gy}: = : nk My ye 
u a e ‘ 
Re ka 


select xiutea invtgpaud sas aT | 
hosetaacrai3i8 Trager '¢ tage: tok 


Aazzaso pat bsbu load doidy, poamognee | : 02. Lady neswtod 


padivitovat aanoqso7 raexdea, oa0ds ’ 
Sift: seinane ods 30 ctapdatre 


“7. 


i: 

eens to/4odava Vane 
be 6 ak Laue 

a Viaiant i y 


A Me Naas) 
(eae Pa 


ame mu 


7 it 7 
* 


i] 
( | fs 
tz, Nien b! 


it trno. ‘2 xtedana 


a is 
yu n 


i 7 es 
4 t 


159 


TABLEG20 


TEST O [ NUMERICAL: LINEAR: GENERATE}: 


DISTRIBUTION OF SCORES INVOLVING MULTIPLES 


(N=100) 

Multiples of Forwards Backwards 
2 50 6 
3 28 0 
4 16 2 
5 Z5 0 
6 14 0 
7 4 0 
8 2 0 
9 4 1 
10 32 6 
11 4 0 
12 1 0 
20 ub 0 
25 2 0 
40 2 0 
30 4 0 
100 8 0 
101 2 ° 
111 1 0 
150 1 ° 
1000 1 { 
Total 20> 15 


Grand Total 220 
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possible 500 matrices, 119 were correct in all four numbers 


and so earned two points each. Of the 84 matrices which 
scored one pcint each, 27 had the correct central number, in 
other words, a number essential to both the horizontal and 
vertical iv esenes The remaining 57 matrices each contained 
two or three correct numbers, but not including the central 
number. Table 21 shows the categorization of the correct 


responses for Test P. 


In each of the continue, reverse and select tasks, 
there was a possible total of 500 correct matrices with 
patterns in the horizontal and vertical directions. A 
response was categorized as incomplete if there were not 
four answers for each line or if the line was not attempted. 
‘This category does not include complete but incorrect lines, 


a response type discussed in Chapter V. 


Because of the similar arrangement and scoring 
procedure for these three tasks, a distinction between the 
children's performances in the horizontal and vertical 
directions can be made as well as a comparison between 


tasks. 


Partly successful matrices scored for the pattern 
in either the horizontal or in the vertical direction. In 


each of the three tasks the horizontal direction had more 
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TABLE 21 


TEST P [ NUMERICAL: MATRIX: INTERPOLATE }: 


CATEGCRIZATION OF CORRECT RESPONSES 


(N=100) 
ee ers. “Bartiallys correcta, 6 , 
Completely (1 Point) 
Item Correct 
(2 pcints) With Central Peripheral 
Number Numbers Only 
#1 €5 5 13 
#2 if 8 24 
#3 24 6 7 
#4 7 4 10 
#5 6 i 3 
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correct responses than its vertical counterpart. 
Furthermore, more patterns in the vertical direction were 
not attempted or finished except in the reverse task. The 
difficulty experienced by the subjects in the reverse task 
is highlighted by the number of items not completed. Of the 
possible 50C matrices, 122 were either incomplete or not 


attempted at all. 


As was noted in the earlier discussion on the 
order of difficulty, the children tended to be more 
successful on the select tasks than on the other three tasks 


with preset responses. 


The categorization of the scoring and incomplete 
Matrices for, the continue, reverse and select tasks is shown 


in Table. 22 


In Test TT, the children generated two matrices 
which were scored for pattern in the horizontal and vertical 
directions. Of the 200 possible matrices, 109 successfully 
interlocked linear sequences, with a further 32 partially 
successful. In 53 of the matrices, the patterning went in 
one direction only with no attempt by the subjects to 
consider the other direction. Of these, 12 contained four 
independent linear sequences, with the other 41 matrices 


sharing 96 linear sequences. Though four children did not 
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TABLE 22 


TEST -O o[ohs MaGsTESD RUNNIN SR ),..AND..TEST Sof Ne M:S.}2 


CATEGORIZATION OF SCORING AND INCOMPLETE MATRICES 


a 
== SS SS Se Se SE SE SS SES SE Ee ET SS SS 


Scoring 
Test Q 
(NsM:C] 
Incomplete 
Scoring 
Test. 
CNshsR) 
Incomplete 
Sccring 
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PAeneS J 
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attempt the second matrix, there was no attempted matrix 


which did net contain at least one correct linear sequence. 


Of the 20 matrices which scored full points for 
containing iheerieeKins sequences, 11 combined addends of 2 
one way with addends of 10 the other, though the initial 
number in the top left hand cell differed in ten of then. 
Another five of these matrices had addends of 10 one way 
with addends of 20, S(twice), and 3(twice) respectively the 
other way. Cf the remaining three matrices, one combined 
addends of 2 and 6 starting at 105. The other two Conpuned 
forward and reverse sequences of 2 starting at 20, and 10 


starting at €5. The latter matrix is represented below. 


j { { | 
1; 65 175 4 85 | 95 | 
| | { | | 
a en 
| | | | | 
155 1 65 175 | 85 | 
ic Nia | 
MMR ron Tat NS: 
| 
145 455 4°65 | 75 | 
{ { | { { 
+--+ + —_ 
| { ae | | | 
13514454 55 1 65 | 
| | l | 


—— EE ——————E—E—ESE EEE | 


There were 63 matrices which repeated the same 


type of relaticnship in both directions, with a further 10 
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partially successful. Twenty<eight of the successful 


matrices were based on addends of 2 and ten based on addends 


of 10, with a further two reversing the 10s patterns. 


Of the remaining matrices, seven featured addends 
of 3, six addends of 5, four addends of 1 and one each of 4s 


and odd numbers. 


l l 
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| 32eh 30 fade (97 
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Two of the remaining four matrices with the same 
type of relationship going both ways consisted of multiples 


as set out tLelow, 
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while two matrices produced by one child were based on 


doubling. One of his matrices is presented below. 


Coarse hl eons cos, ara aa a se Le) 
| 
{ Taek S| ay | 88 | AGS, t<f 
l 
fovea pa fet 
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| | | 
foaaene a fo fe pd 
| l i 
| 88 | 168 “f £338 { oy A | 
l ! 
Jonna ke foe te 
l l 
{ 168 | 336. *f- 8642 fo 306. °\{ 
l 
es a ee a | 


There were 23 matrices involving addends based on 
four consecutive numbers. Addends of 19 or 2 with various 
starting points were used in 13 matrices. The other addends 


were of 3 and of 4, with three matrices featuring backwards 
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counting by 1s. A matrix of this type is presented below. 


l | 

144 | 54] 64 | 74 4 
i 
ee 
| 
145 155 4 65 | 75 | 
pomp ety 
| 
1 46 | 56 | 66 4 76 | 


{ I l ! i 
(ee ey 


The one matrix involving multiples based on four consecutive 


numbers is set out below. 
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Two matrices belonged to the fourth category of 


successful matrices containing 16 consecutive numbers. 


oe ‘) Pinas 
wolod betasaeTq et eget 
A ne i y ie 
Hew adsl a ae Ve bh 
ovlsuneenoy i80%,m0 FY 
Kk Midst ey j 
q > ; 


Wee iy iA | ee 


Be to ytopetsy ftz00% odd be, ; 


‘Ve 
i 


| Ns 


, pezedainw ox kgm 


168 


In addition to the partially successful matrices 


which could be categorized according to one of the four 
types discussed akove, there were 15 matrices which showed 
some evident but disorderly attempt by the subjects to 


produce interlocking linear sequences. 


The categorization of the matrices with at least 
some evidence of pattern both ways is presented in Table 23. 


Summary In this section, the children's 


performance on the tests used to explore the hierarchy of 20 
tasks has been condensed and discussed. The four generate 
tasks were dealt with in depth while the error strategies 


connected with the tasks having preset correct responses 


will be categorized in Chapter V. 


Correlations_among the Types of Tasks 


a — 


The hierarchy of pattern processing tasks can be 
divided according to process, form and arrangement in order 
to look for possible relationships within the matrix of 


tasks. 


When the four interpolate tasks are considered, 


moderate ccrrelations of .44 and .46 (p<.01) are seen to 
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TABLE 23 


TEST T (GEOMETRIC: MATRIX: GENERATE]: 


CATEGORIZATION OF SCORING MATRICES 


(N=1C0) 
eee? eee ee eT PN Saree 
Successful Successful 

Both Directicns 
Different patterns 20 4 
Doubling 0 1 
Same pattern both ways 1 63 5 
Based on 1s 24 3 
Involving multiples 2 3 
Involving doubling Z 2 
Multiples based on 1s 1 0 
Consecutive numbers 2 0 
Disorderly attempts at = Ws) 

two directions 
One Direction De ae 44 
Total 123 73 


Grand Total 196 
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exist between Test K [NsL:I] and Tests A [(G:L:I] and P 


(N:M:I] respectively and a low correlation of .22 (p<.05) 
between Test K (N:L:I] and Test F [G:M:I]. Test F also has 
aprlow) corzrelafion.of.+23.,(p<.05) withsTest Aci. 6: LedisesPest 
P's numerical matrix task seems isolated from either of the 


geometric tasks. 


When the four continue tasks are considered, a 
moderate correlation of .48 (p<.91) appears between the two 
humerical tasks (N:L:C and N:M:C). Low correlations of .20 
(p<.05) exist between the three pairs involving the two 
geometric tasks and the numerical linear. A similar low 
correlation (r=.21, p<.05) appears between the geometric 
linear and the numerical matrix tasks. The correlation 
between the two matrix tasks (G:M:C and N:M:C) does not 


reach significance (p2.05). 


In the select group, the two forms and 
arrangements intercorrelate at a moderate level of 
significance (p<.01) with coefficients ranging from .26 for 
the two geometric tasks to .51 for the two numerical tasks. 
The two correlations among the reverse tasks are both 
moderate. The twc linear tasks correlate at .26 (p<.01) 


with a .47 coefficient (p<.01) for the two numerical tasks. 


Among the generate tasks, the two geometric (G:L:G 
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and G:M:G) and the two numerical tasks (N:L:G and N:M:G) 


have correlaticns of .38 and .29 (p<.01) respectively, with 
a .20 (p<.C5) correlation for the two linear tasks and .30 
(p<.01) for the two matrix tasks. Although the Geometric: 
Matrix task correlates with the Numerical: Linear task at 
-39 (p<.01), the parallel pairing of Geometric: Linear and 
Numerical: Matrix does not reach a significant level of 


relationship. 


The correlations between the 20 tasks grouped 


according to process are set out in Table 24, 


As well as the division of the tasks according to 
process, arrangement as linear or matrix can form a basis 
for further comparison. Two geometric vey G:L:S and 
G:M:G, relate significantly (p<.01) to each of the numerical 
tasks of the same arrangement. As well the Geometric: 
Select task correlates significantly with all the numerical 
tasks, except the pnterpodaren in the matrix arrangement. 
The task relating least is. the reverse task in each 
arrangement with .26 (p<.01) between the two linear tasks 
and .21 (p<.05) between geometric reverse and numerical 


select in the matrix arrangement. 


The correlations between the 20 tasks grouped 


according to arrangement are set out in Table 25. 
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TABLE 24 


CCKRELATIONS BETWEEN THE TASKS GROUPED 


ACCORDING TO PROCESS 


(N=100) 
Interpolate Continue 
G3L G:M Nei N:M G:L G:M Nisa NeM 
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{ | 
G:L| o2at 6 4Qee C17 G:L| 20%" 320% 621% 
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G:M| ~2a* 05 G:M{ S208 e alo 
{ i 
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| | 
NeM{ NoM| 
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TABLE 25 


COFRELATIONS BETWEEN THE TASKS GROUPED 


ACCORDING TO ARRANGEMENT 


(N=100) 
LINEAR 
GoL oi Gs Ls¢€ G:L:R G3L$ GSLeG 
<= = 
NeLii 044 xx 0 23* eee oo1* <2s* 
N21, C o29x* ~20* 217 ~ 46** wey 
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Nii3S . - 18 07 a20T* s7=* ene 
NsL:G 19 209 - 09 soot o20* 
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We Mist 05 o 29%* tS 219 ols 
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Nees | «12 oe A Tan 24 1** soo. 
NSM =.G 203 218 - 08 o 24% - 30** 


**Significant at the .01 level of probability 
*Significant at the .05 level of probability 
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When the 20 tasks are grouped according to forn, 


that is gecmetric and numerical, moderate correlations 
(p<. 01) between all four tasks with preset correct answers 
appear in the numerical form. As well, the linear generate 
task has correlations of .28 (p<.01), .20 (p<.05) and .29 
(p<.01) with the matrix interpolate, reverse and generate 
tasks respectively. The linear select select task 
correlates at the .25 level (p<.01) with the matrix generate 


task. 


Among the geometric tasks, the matrix generate 
tasks correlate (r=.20 to .38) with all the linear tasks 
except the reverse task, which correlates at the .27 level 
(p<.01) with the matrix interpolate task. The matrix select 
task correlates with the linear continue (r=.33, p<.01) and 
select (r=.26, p<.01) tasks. The remaining significant 
correlations (r=.20 to .23, p<.05) occur between the four 


interpolate and continue tasks in both forms. 


The correlations between the 20 tasks grouped 


according to form are set out in Table 26. 
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TABLE 26 


CORRELATIONS BETWEEN THE TASKS GROUPED 


ACCORDING TO FORM 


(N=100) 
GEOMETRIC 
Ge bok GaLec GsLsk GsL:5S G:L:G 
i 
GoNst 2226 o22* APA os 13 0s 
Geom ec ea ~20* 14 - 16 co) 
G:M:R 2 14 09 607 es ed 05 
G2Nss = 19 ele es - 18 ° 26** ots 
G:M:G o24% 720 Sls ~ 20* o 3O** 
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——— ee 
Nieime £ 46 ** ~30** 2 38** 0 43** ~20%* 
NzM:C ~36** ~48** . 34** ~46** -16 
N:M:R 44x OU Kx 47 ** see ~ 20.¥ 
NSS 2 41%* 0 45** woe ohn 212 
N:M:G 215 «19 2 16 ° 25* waar 


**Significant at the .01 level of probability 
*Significant at the .05 level of probability 
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ee a oe ae Se ee ——=— 


A correlation matrix was calculated for the 20 
pattern processing tasks, as well as the six Piagetian 
tasks. Mathematics achievement and intelligence subtests 
along with age and number knowledge were included as marker 


variables. 


The correlation matrix for the 33 variables was 
subjected to Principal Component factor analysis, the 
factors extracted being rotated by Varimax to approximate 
Orthogonal simple structure. Although there were an 
Eigenvalues equal to or greater than 1.0€0, the choice of 
seven factors seemed to provide the nost meaningful 


interpretation. 


The minimum loading for inclusion in a principal 
component was .40, a limit accepted by Kerlinger (1964, 
p.654). All the variables met this criterion except 
Additive Composition of Classes which had a loading of .395 
on the second factor. Five of the variables, verbal 
intelligence, the Barns Task, Multiplicative Composition of 
Classes} West“ [GiLecCii-and= TestekeENsiLsdiiehad loadings: of 


-40 or more on two factors. 


The communalities found among the 7 factors 
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accounted for 58.1 per cent of the total variance existing 


among the 33 variables. 


The factors arising from the factorial treatment 


of the 33 variables are presented in Table 27. 


Factor I, which accounted for 33.2 per cent of the 
total common variance, contains the eight numerical tasks of 
the Pattern Processing Test with preset correct answers. 
Their loadings ranged from .545 to .758. Included also was 
Geometric: Linear: Select with a loading of .489. Moderate 
to high loadings appeared in the four marker variables 
measured by standardized tests. Mathematics achievement is 
represented ky Mathematical Concepts with a loading of .685 
and Problem Solving with .736. The loadings on verbal and 
‘nonverbal intelligence are .535 and .625, respectively. 


Number knowledge entered the factor with a loading of .436. 


The first “ofactor, identified as Numerical 
Facility, appears to be . schooling based. Current 
mathematics programs are strongly oriented towards numerical 
facts rather than spatial relations. The mathematics 
sections of the Canadian Test of Basic Skills are also 
inclined to emphasize numerical knowledge. According to 


Tittle (Buros, 1972), "the Lorge-Thorndike IQ's correlate 


moderately to fairly highly with school achievement 
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VARIABLES 


sex 

Mathematical Concepts 

Prcblem Solving 

Number Knowledge 

Age _ 

Verbal Intelligence 

Ncenverbal Intelligence 

Number Conservation: Linear Correspondence 


Area Conservation: 


Circular Correspondence 
Barns Task 
Transformed Triangles Task 


Multiplicative Composition of Classes 
Additive Composition of Classes 


Geometric: 
Gecmetric: 
Gecmetrics: 
Gecmetric: 
Gecmetric: 
Gecmetric: 
Gecmetric: 
Gecmetric: 
Gecmetric: 
Gecmetric: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 
Numerical: 


Linear: 
Linear: 
Linear: 
Linear: 
Linear: 
Matrix: 
Matrix: 
Matrix: 
Matrix: 
Matrix: 
Linear: 
Linear: 
Linear: 
Linear: 
Linear: 
Matrix: 
Matrix: 
Matrix: 
Matrix: 
Matrix: 


Interpolate 
Continue 
Reverse 
Select 
Generate 
Interpolate 
Continue 
Reverse 
Select 
Generate 
Interpolate 
Continue 
Reverse 
Select 
Generate 
Interpolate 
Continue 
Reverse 
Select 
Generate 
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(p.-686)." The test of number knowledge was strictly factual 


in nature. 


Further support for the description of this 
factor as schooling based comes from the similarity between 
the format of the standardized tests and the select tasks of 
the Pattern Frocessing Test. All are multiple choice in 
arrangement, a testing procedure commonly experienced by the 
children in standardized reading and other tests outside the 
study. The only geometric task with sufficient loading on 
this factor was Geometric: Linear: Select, while the 
remaining select task in the geometric matrix arrangement 
had a loading of .356 which is approaching the criterion of 


£40; 


Factor II, which appears to be a conservation 
factor, contained the four Piagetian conservation tasks with 
loadings ranging from .413 for the Barns Task to .855 for 
the Linear Corresfondéence Task. A variable that just failed 
to meet the criterion was Additive Composition of Classes 
with a loading of .395. The common feature of this and the 
conservation tasks is the notion of logical necessity 
claimed by Piaget as a indication of concrete operational 


thinking. 


The five geometric tasks from the Pattern 
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Processing Test which made up Factor III with loadings of 
-417 to .677 required the subjects to supply their own 
answers even though their correctness was predetermined. 
Four of the tasks were linear in arrangement, the fifth 
being Geometric: Matrix: Interpolate. This latter task 
seems to have no special connection with the linear tasks, 
except that chronclogically it came next in the testing 
program. The geometric linear task not included (loading of 
-325) was the multiple choice select task which had a 


loading of .489 on Factor I. 


The other variable which loaded sufficiently on 
this factor was Multiplicative Composition of Classes. Its 
connection tc the geometric tasks may be the spatial nature 
of the plastic square and circular blocks’ used in the 


testing situation for the classification task. 


The third factor may be regarded, therefore, as a 
Geometric Linear factor because of the predominance of this 


type of task in the loadings... 


Factors IV. quite distinctty involves pattern 
generation as the four generate tasks of the Pattern 
Processing Test are the only ones whose loadings of .475 to 
-675 are greater than the criterion. Sex seems to play an 


important role in this factor. Because girls were labelled 
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1 as against 2 for the boys for statistical purposes, the 
negative loading of -0.563 indicates that being a girl was 


related to the successful generation of patterns as assessed 


in this study. 


Factor V contained three geometric matrix tasks of 
the Pattern Processing Test, continue, reverse and select, 
with loadings of .724, .734 and .560 respectively. The 
loading of .384 on the other geometric matrix task with 
preset correct answers iS approaching the criterion. This 
factor, therefore, may be identified as geometric matrix 


patterning. 


Factor VI contained two variables neither of which 
belongs to the Pattern Processing Test. Already loaded on 
Factor I, verbal intelligence has a loading of .543 on the 
fifth factor while age has a negative loading of -0.806. 
Another demographic variable, sex, has a negative loading of 
-0.379, an indication that being a girl was inclined to 
influence the likely verbal intelligence score. This factor 
seems to be specifically verbal intelligence modified by age 


and sex. 


Factor VII is a combination of a conservation 
task, a classification task and a numerical linear task with 


loadings of .629, .472 and .405. Number knowledge also 
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enters this factor because of its loading of .399. At first 


there seems to be no obvious commonality to explain the 
relationship. Hcwever, there is one common feature. Each 
task involves a part-whole relationship. In the Barns Task 
the total area of each field is juxtaposed to partially 
occupied space. Multiplicative Composition required 
reorganizaticn of the parts of the whole set of plastic 
blocks. The numerical linear interpolate task incorporates 
the pattern process of filling a gap in order to complete a 
sequence whose terminal points are predetermined. However, 
the other interpolate tasks have low loadings on this 
factor. The number knowledge test may be regarded as a 
efi. J Lang the gap" exercise because of the physical 
arrangement cof the response sheet. Each sequence required 
the children to supply a number in a series of ten collinear 


cells. 


Although the two numerical tasks bear only 
peripherically ufon ‘the part-whole relationship, the 
strength of this concept in the two Piagetian tasks supports 
the description of Factor VII as the ability to operate with 


this relationship. 


Summary. A factor analysis of the 20 tasks of the 
Pattern Processing Test along with other variables acting as 


markers produced seven factors which may be described as 
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a Numerical Facility 


diag Conservation 
TET Geometric Linear Patterning 
IV Pattern Generation 

V Geometric Matrix Patterning 
vI Vertal Intelligence 


VEE Part-whole Relations 


ypothesis 1. There is no simple structure derivable from 
ra 


de three pupils" ability to 
a. interpolate, 
b. continue, 
d. select, and 
e. generate 
geometric and numerical patterns when set in linear and 
matrix arrangement. 


When the children's scores on the Pattern 
Processing Test along with other variables acting as markers 
were subjected to factor analysis, seven factors appeared. 
Two of these, II Conservation and VI Verbal Intelligence, 
were independent of the pattern processing tasks, while the 
presence of a Seis task in Factor VII, Part-Whole 
Relations, was minor. Grouping of the Pattern Processing 
Test by form and arrangement was the focus of Factor III, 
Geometric Linear Patterning, and Factor V, Geometric Matrix 


Patterning. 


The alignment of the numerical tasks within Factor 
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I, labelled as Number Facility, emphasized the grouping of 
the tasks according to form and arrangement rather than to 
process. A process, however, was the common component of 
the variables loading on Factor IV, Pattern Generation, 
which had significant loadings from the four generate tasks 


and no other variables. 


Hypothesis 1 must therefore be rejected on the 
grounds that all the pattern processing tasks significantly 
load on factors which group the variables according to form 


and arrangement, and in one case to process. 


II. PATTERN PROCESSING ABILITY AND CONSERVATION 


Conservation of number was investigated in two 
aspects, linear correspondence and circular correspondence. 
The two conservation of area situations involved the 
traditional Barns Task and the Transformed Triangles Task. 
It must be emphasized that the results and relationships 
derived from the results apply specifically to Grade three 
children for whom certain Piagetian operations may have been 
established for scme time. Significant relationships of a 
different kind may have appeared if the sample had consisted 


of younger children. 
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Of the 100 children in the sample, 83 were 
categorized as conservers of number on the Linear 
Correspondence Task, with 90 on the Circular Correspondence 
Task. There were 82 children who were categorized as 
conservers cn both tasks. The number of nonconservers was 
12 for the linear task, 6 for the circular task and 6 for 


both tasks taken together. 


The conservation of area investigation resulted in 
77 children teing categorized as conservers on the Barns 
Task, 70 on the Transformed Triangles Task and 61 on _ both 
tasks taken together. The number of nonconservers was 23 
for the Barns Task, 23 for the Transformed Triangles Task 


and 4 for both tasks taken together. 


When the four conservation tasks were considered 
as a single test, there were 56 conservers and 4 
neonconservers. The conservers, partial conservers and 
nonconservers for each of the conservation tasks are 


enumerated in Table 28. 


Rationalizations expressed by the conservers of 
number focussed mainly on the physical correspondence 


between the two sets of objects prior to any 
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TABLE 28 


DISTRIBUTION OF SCORES ON THE 
CONSERVATION TASKS 


(N=10 0) 


Ses ae aaa eee aes ae a a a a a a a a ee ae ee ee 
a a a a a SS SS a eS Se SS SS SS Se SS SS SS SS SS SS EE ES SS SS SE SE SES Se SE EE ESE ES 


Partial Non- 
Conservers Conservers Conservers 


ee es i ee ee 


Conservation of Numbers: 


Linear Correspondence 83 5 2 
Circular Corresrondence 90 4 6 
Both Tasks 82 1 6 


Conservation of Area: 


Barns Task oy, 0 23 
Transformed Triangles Task 70 i 23 
Both Tasks 61 Ss, 4 


Conservation of Both 
56 40 4 


Number and Area 
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transformaticns. 


They were the same when they were lined 
up. 


When we started there were as many green 
animals as purple animals. 


Same at the beginning. 


They're equal. I noticed when you lined 
them up, you could plainly see that 


there were as many circles as there were 
squares. 


Some conservers were more concerned with the actual 
transformations. 


All you're doing is spreading them out 
and putting them together. 


Each of the green animals had a e purple 
animal and you've noved them around and 


they're the same still. 


A few conservers noted that nothing had been removed. 


You didn't take any away and it was the 
same to start with. 


As long as you don't take any away. 


When we started we had the same and you 
never took any away and you never put 


any in so they are still the same. 


Because at the very beginning they were 
both the same and you never too any 


away. 
The partial conservers lacked firm convictions. 
I don't know. 


These feds animals) are a bigger pile 
and these [green animals] are not very 


MANYsy ces Oh, they're probably the 
same. 
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The nenconservers focussed on the perceptual 


differences between the original and transformed 
arrangements of the two sets of objects in each task. 


(The squares are more] because they are 
stacked in a pile. 


These are in a pile and there are a_ few 
purple animals and there are lots of 


green animals. 


It looks more. 


The categorization of the children's ration- 
alizaticns for the Barns Task tends to support the 
contention that this task is perhaps measuring conservation 
of number fcr some children. Of the 77 children classed as 
conservers, 31 gave spatial rationalizations such as 


Mine are in a row and they're spread out 
but they're both the same. Same space. 


You just put in an equal amount of barns 
and they are the same size. 


They both have as much blocks and cover 
up as much grass. 


Because the barns are the same size and 
they take up the same space. 


On the other hand, 22 children expressed clearly numerical 


rationalizations. 


Because there are the same number of 
blocks cn each. 


Because you added one barn to each side 
each time. 


These are in a line, but these are 
scattered - but there is the same number 
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of barns. 


Eighteen children referred to the “same amount" without 
distinguishing either a spatial or numerical relationship. 
A further six children expressed rationalizations which 


could not be clearly categorized as spatial or numerical. 


In the Transformed Triangles Task the 
rationalizations expressed by the children were clearly 
Spatial and focussed on the initial equivalence of the 
blocks with the transformations sometimes emphasized, for 
example, 

Because they're all the same size. 


Both are halves and can never be bigger 
-because each half is equal, because each 


shape is equal. 


Because yy showed me they were the same 
- they still are, but you just moved 


them arcund. 


You can also make them into a square and 
they're still the same. 


Because they all make squares and they 
were the same size in the beginning. 


You just changed it around so it must 
have as much. 


Partial conservers tended to change their minds. 
One girl claimed the square was larger than the two 
triangles making up the larger triangle because it was "more 


squarey than that one." Later she stated that the two 
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transformed triangles had the "same lawns and stuff" as the 


two rearranged rectangles. A boy who maintained that there 
was "more in this one [the transformed triangles]" later 
rationalized the equivalence of the transformed triangles by 
Saying "because that take up the same space." 

Another boy who earlier disclaimed equivalence -- 


Because it's wider along here, because 
it looks like more 


later stated 


You Just Shave to. put this here and 
they're all the same size, a square. 


By contrast, a girl who seemed to recognize the equivalence 
after a number of rearrangements later argued 


I pretured in eaye inde that *thissvislwa 
triangle and the middle part is missing 


and so this [the rearranged rectangle] 
must be bigger. 


Nonconservers tended to focus on the length of the 
rearranged shapes. 
{The triangles are bigger] because the 


ends are sticking out and makes more 
rcon. 


Mine*s wider [the square-“larger"] and 
yours { rearranged rectangles ] is 
skinnier. 


This one's shorter and this one's longer 
{the rearranged triangles-"larger" ]. 


It's [transformed triangles] bigger and 
wider. 


Because it's longer than the square. 
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It's {transformed triangles] sorta got 
more rocm (pointing to the apex). 


Because it's big [transformed Vaan 
and this [rearranged rectangles] looks 


so small. 


eae square] is shorter than this one 
rearranged rectangles-"larger" ]}. 


Correlations between the Tasks 


All the correlations between the conservation 
tasks were significant. The two number correspondence tasks 
correlated at .69 (p<.01). The Linear Correspondence Task 
had correlations of .40 and .38 (p<.01) with the Barns Task 
and the Transformed Triangles Task, respectively, while the 
correlations between the Circular Correspodence Task and the 
Barns and ‘Transformed Triangles Tasks were .25 (p<.05) and 
36 (p<.01), respectively. 

The correlation of .33 (p<.01) occurring between 
the Barns Task and. the Transformed Triangles Task is the 
second lowest among the conservation tasks, and so supports 
the doubt that the Barns Task is always testing area 


conservation. 


The correlations between the conservation of 


number and area tasks are shown in Table 29, 
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TABLE 29 


CORRELATICNS BETWEEN THE CONSERVATION TASKS 


(N=100) 
Numerical Correspondence Transforned 
Barns Triangles 
Linear Circular Task Task 
(rr ee 
; I 
Linear | 
Corresp- | 2 6 9X * eh Ox ~38** 
cndence 
{ 
Circular | 
Corresp- | Ras o 36** 
ondence | 
| 
Barns { 
Task | 03 3** 
| 
| 
Transformed | 
Triangles | 
Task l 
{ 


i a i i i ee, 


**Significant at the .01 level of probability 
*Significant at the .05 level of probability 
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Hypothesis 2 There are no significant correlations between 


Grade three pupils" ability to 

a. interrfolate, 

b. continue, 

c. reverse, 

d. select, and 

e. generate 
geometric and numerical patterns, and their ability to 
conserve 

a. number, and 

b. area. 


When the Pearson Product Moment correlations 
between the Pattern Processing Test and the conservation 
tasks were calculated, Conservation of Number in either the 
linear or circular correspondence aspects did not correlate 
Significantly with any of the 20 pattern processing tasks 
for Grade three pupils. Hypothesis 2 must therefore be 
accepted with regard to the children's ability to conserve 


number. 


The only significant correlation involving the 
Barns Task occurred at the .29 level (p<.01) with Test K 


ENSL sa 


Because the Barns Task has connotations of number 
conservation, the Transformed Triangles Task is regarded as 
the means of measuring conservation of area within this 


section of the study. 


The Transformed Triangles Task correlated with 13 
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of the pattern tasks. The .01 level of probability was 


reached with Gecmetric: Linear: Select, Geometric: Matrix: 
Reverse and Generate, and Numerical: Linear: Interpolate. 
The .05 level of probability was reached with Geometric: 
Linear: Interpolate, Geometric: Matrix: Select, Numerical: 
Linear: Continue, Reverse and Generate, and the four 
numerical matrix tasks with preset correct answers. No 
common relationship seems evident in the particular tasks 


which contributed to significant correlations. 


Hypothesis 2 is rejected for 13 of the pattern 
tasks with regard to the Grade three children's ability to 
conserve area, and is accepted for the remaining seven 
tasks, Geometric: Linear: Continue, Reverse and Generate, 
Geometric: Matrix: Interpolate and Continue, Numerical: 


‘Linear: Interpolate and Numerical: Matrix: Generate. 


The correlations between the Pattern Processing 


Test and the four conservation tasks are shown in Table 30. 
III. PATTERN PROCESSING ABILITY AND CLASSIFICATION 


Two classification skills were investigated in 
this study, Additive Composition of Classes by a version of 
the classic Wooden Beads test and Multiplicative Composition 


of Classes using circles and squares in two colours. 
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TABLE 30 


COFRELATICNS BETWEEN THE PATTERN PROCESSING TEST 


AND THE CONSERVATION TASKS 


(N= 100) 
Numerical Correspondence Transformed 
Barns Triangles 

Linear Circular Task Task 
GiLsi cH es 80s) e005 Pn 4 7 22* 
GeL:cC eo 303 ALO SAL 
G2. k By 0 Ai els) 206 09 
6:L:S 209 ~08 202 0 29** 
G:L:G -0.14 Osho ~0.06 08 
GrLeL 04 -09 -0.05 Pe NG) 
G:MsCc 204 -0.01 22" pa KS) 
GsMek «O07 whe 20 28 ** 
G:M:S -09 =0.02 10 23% 
G:M:G ©05 ht 1.0 o32** 
RELeI =O, 71 705 0 29%** - 26** 
Nei SC 0 Aas RS) ~25* 
VI0ER -0.05 -09 ie ~22* 
2b. Ss -0.02 04 14 219 
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NeMsc 03 30S -0.04 °22* 
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Results of therlest 


Of the 100 Grade three children in the sample, 44 
were categorized as classifiers on Additive Composition or 
elass inclusicn;, (23. as partial classifiers andio9s3 as 
nenclassifiers. On the multiplicative composition task, 
there were 67 children categorized as classifiers, 30 as 


partial classifiers and 3 as nonclassifiers. 


When the two classification tasks were taken 
together, there were 34 children categorized as classifiers, 
65 as partial classifiers and 1 as a nonclassifier. The 
correlation of 10 between the two tasks was not 


significant. 


The classifiers, partial classifiers and 
nonclassifiers ch the two tasks taken separately and 


together are enumerated in Table 31. 


For the Additive Composition of Classes task 
involving plastic tiles in two colours the entire sample 
recognized that the two red tiles were indeed plastic. The 
majority cf the children categorized as classifiers 
succinctly rationalized with the words, "They're all 


plastic.” Other statements elaborate the children's 


thinking. 
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TABLE 31 


DISTRIBUTION OF SCORES ON THE 
CLASSIFICATION TASKS 


(N=100) 


——— 
== ==> => = === 2S SS SS SF SS SS SS ES SS SS SS SS SS SS SS SS SSS SS SS SS SS ee SS 


Partial Non- 
Classifiers Classifiers Classifiers 


eens ee ee ee ne ee ee ee ae ee eee 


Classification: 


Additive 44 23 33 
Composition 
Multiplicative 67 30 3 
Composition 


Both tasks 34 65 1 
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Because the plastic squares include the 
red squares too. 


If you put all these [the green tiles] 
away there'd still be two plastic left. 


If you pat all the greens in one row you 
weuldn't have the two reds’ and if you 


have the plastic row you'd have the two 
reds too. 


Because the two reds count too. 


Because they're all plastic and not all 
green. 


All except the children categorized as partial 
classifiers maintained initially that there were "more green 
than red" when requested to compare the row of plastic tiles 
to the row of green tiles. Two children explained that the 


green row was longer than the plastic row. 


Later in the testing situation, the partial 
classifiers acknowledged that the row of plastic tiles was 
lenger than the row of green tiles without any apparent 
awareness of their inconsistency. 


The red ones phastic £0044 SO pe Es Ou 
include the plastic red ones would be 


twc more. 


Green and red are all plastic. 


Because two plastics are added to these 
{the green tiles]. 


One child denied initially that the plastic row 
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was longer than the green row yet stated, "They're all 


plastic but they're not all green". At the end of the test, 
he rationalized the dilemma embodied in his decision making: 


Prcblem is they're all plastic. Most of 
them are green. Because all of them are 


plastic. 


The children categorized as nonclassifiers 
consistently claimed that the green row was longer than the 
plastic row. Their rationalizations indicate their logical 
ccnfusion. 


Green row longer because only two red 
ones. 


Green ones more even though the red ones 
are plastic. 


Only two reds and there are more greens. 
I: don't know. 


Greens and reds are all lastic but 
there are more greens than reds. 


Reds only have two, the greens have more 
than that. 


In the Multiplicative Composition of Classes task, 
which involved the grouping and regrouping of coloured 
naaetié blccks, the children categorized as classifiers 
expressed nc doubts about the concurrent criterial 


properties of the objects as colour and shape. 


The children categorized as partial classifiers 
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can be subdivided. Twenty-four children agreed that the 
plastic pieces could be classified according to colour but 
not to the subsequent criterion of shape. Four children who 
denied that the plastic blocks could be classed according to 
colour subsequently acknowledged the grouping of the blocks 


according to shape. 


Three children claimed that the plastic blocks 
could not be regrouped at all, according to either colour or 


shape. 


When requested to sort the plastic blocks, one 
child did not utilize the properties of colour or shape but 
Peheentrated on pictorial functions. The themes of marine 
transport and bcmbardment were continued throughout the 


regrouping part of the test. 
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When correlations between the two classification 
tasks and the four conservation tasks were calculated, those 
involving the Linear Correspondence and Barns Tasks did not 
reach significance (p2-05). Multiplicative Composition of 
Classes correlated with the Transformed Triangles Test at 


the .28 level (p<.01), while Additive Composition of Classes 
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correlated with Circular Correspondence and the Transformed 


Triangles Test at .29 and .30 (p<.01) respectively. 


The correlations between the six Piagetian tasks 


are shown in Table 32. 


sis_3. There are no significant correlations between 
nesses? pupils ability to 
- interpolate, 
- continue, 
c. reverse, 
d. select, and 
e. generate 
geometric and numerical patterns, and their ability to 
classify: 
a. additive classes, and 
b. multiplicative classes. 
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When the Pearson Product Moment correlations 
between the Pattern Processing Test and the two 
classificaticn tasks were calculated, there were seven 
significant correlations (r=.21 to .36) which involved 
Additive Composition of Classes, with 8 (r=.20 to .32) for 
Multiplicative Composition. Four of the geometric tasks 
were common to koth lists, Linear: Interpolate and Matrix: 
Interpolate, Continue and Select. The tasks correlating 
significantly with Multiplicative Composition only were 
Geometric: Linear: Continue and Select, and Numerical: 
Matrix: Interpolate. For Additive Composition, the 
additional significant correlations occurred with Geometric: 


Matrix: Reverse and Select, Numerical: Linear: Generate, and 
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TABLE 32 


COFRELATIONS BETWEEN THE CLASSIFICATION 


AND CONSERVATION TASKS 


(N=1C 0) 
Classification 

Multiplicative Additive 

Composition Composition 
Conservation: 
Linear 
Correspondence 0) - 16 
Circular 
Correspondence 08 DO 
Barns 
Task «no 04 
Transformed — 
Triangles «28 ** . 30** 
Tasks 


a se ce ee ee 


**kSignificant at the .01 level of probabiiity 
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Numerical: Matrix: Continue. The tasks with which neither 
Classification skill correlated significantly were the two 
Geometric:Continue tasks and the two Geometric: Generate 
tasks, with three numerical matrix tasks, reverse, select 


and generate. 


The correlations between the Pattern Processing 
Test and the two classification skills are shown in Table 


Ser 


Although the two classification tasks between them 
correlated significantly with 12 of the pattern processing 
tasks, Hypothesis 3 can be rejected for specific tasks only 
with peuard to the two classificatory skills taken 
separately. For more than half the pattern tasks, Additive 
Composition as well as Multiplicative Composition did not 
correlate significantly, a situation which leads to the 


acceptance of the hypothesis in these instances. 
IV. PATTERN PROCESSING ABILITY AND OTHER VARIABLES 


The other four variables include two of a 
demographic nature, sex and age, as well as mathematics 
achievement and intelligence each of which was measured by 


two subtests. 
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TABLE 33 


COFRELATIONS BETWEEN THE PATTERN PROCESSING TEST 


AND THE CLASSIFICATION TASKS 


(N=1C0) 
Multiplicative Additive 
Composition Composition 

Stier es ~23* 
Ssh Cs o 29** 210 
Gore k: ~22* -06 
Gels: 09 eal S) 
GsE Gs 2 35%** -0.09 
GeMeI: 218 04 
G:M:C: onlz Pins} 
G:M:R: A O}s) 2o2e* 
Glh2S: 10 oe 
G3M:G: - 10 Saks 
Ne ses o 20** ~23* 
NeLsCs 037% 2 1* 
NeL tk 06 « 26%** 
NsLiiisSs 2 2Z0** 2 20* 
NeLe2G: Ae: rs jd 
NeoMecks 02 1* eS 
NIMC? Poa ies 021% 
Newer: elit é16 
Newmoss a cts 
NoM:G: 15 -08 


**Significant at the .01 level of probability 
*Significant at the .05 level of probability 
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The mean scores and standard deviations for 
mathematics achievement and intelligence as well as age were 
shown in Table 15. The sample's mean grade score of 3.7 for 
mathematics achievement was close to the 3.5 expected in 
March. The mean intelligence score of 114 indicates that 
the sample as a whole was slightly above average. In age, 
the mean of 8.8 years is normal for Grade three children in 


March. 


The child with the lowest performance on the 
Pattern Processing Test gained a total of 38 points, with a 
sare: of zere on seven tasks. His intelligence rating was 
96, with a mathematics achievement grade score of 2.6. One 
child had 5 zero scores, another 4 and 16 children had 2 
zero scores each. — The intelligence and mathematics 
achievement scores of these children were distributed over 
the full range for the sample. Of the 18 children in the 
sample with intelligence scores below 100, eight had two or 
more zero scores on the Pattern Processing Test. Moreover, 
on the Pattern Processing Test, no child's highest score was 


less than five. 
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At the cther end of the scale, nine children with 


two Or more scores of 10 and 9 shared 25 scores of 10 and 31 
scores of 9. The tens scores are spread over 14 tasks with 
the interpolate and geometric linear blocks having the 
highest tallies. With one exception, this group of nine 
high performers had intelligence scores of 123 or better and 
were advanced one year at least in mathematics achievement. 
The one exception had an intelligence rating of 110 and was 
just below the expected grade level abel mathematics 
achievement. All nine children scored 9 or 10 on the Number 


Knowledge test. 


Just as the children with below average 
intelligence did not all perform poorly on the Pattern 
Processing ‘Test, the opposite was also true. Many children 
with high intelligence and mathematics achievement scores 


did not perfcrm exceptionally well on the pattern tasks. 


Hypothesis 4. There are no significant correlations between 
Grade three pupils performance on the Pattern Processing 


Test and 
a. mathematics achievement, 
b. intelligence, 
Cc. age, and 
'd. sex. 


The Mathematical Concepts section of the Canadian 
Test _of Basic Skills correlated significantly with every 


pattern “processing task, 16 at the .01 level of probability 
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and the remaining four at the .05 level. Problem Solving 
correlated with 13 of the pattern processing tasks at the 
710 Level, of. probabi lity,..and.) with, S../at ~the-..05 level. 
Three geometric tasks did not correlate significantly, 


Linear: Continue and Matrix: Continue and Reverse. 


In the light of these results, it seems justified 
to reject Hypothesis 4 with regard to mathematics 


achievement. 


Verbal Intelligence correlated with 13 of the 
pattern processing tasks at the .01 level of probability and 
four at the .(05, Geometric: Linear: Continue, Geometric: 
Matrix: Poverces and Numerical: Linear: Generate. Nonverbal 
Intelligence correlated with 19 of the 20 pattern processing 
‘tasks, 14 at the .01 level. The only task not reaching 


Significance was Numerical: Matrix: Generate. 


As all the pattern processing tasks correlated 
Significantly with at least one aspect of intelligence, 
Hypothesis 4 is rejected in respect to intelligence in both 


its verkal and nonverbal forms. 


The correlations between the Pattern Processing 
Test, mathematics achievement and intelligence are shown in 


Table 34. 
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TABLE 34 


CORRELATIONS BETWEEN THE PATTERN PROCESSING TEST AND 


MATHEMATICS ACHIEVEMENT AND INTELLIGENCE 


(N=10 0) 
Mathematics Achievement Intelligence 
Mathematical Problem Verbal Nonverbal 
Concepts Solving 
Geet o31** 2 25* tele 730 ** 
GsieC PP se, wo Ie 0 33** o 29** 
GsLeR 2 24% ot3 Ps ~24% 
Geis. 0 43%** ~45%** ~ 38** 44x 
G:L:G 34 ** aoe 2 26** ~23* 
Gare. Byars Zoe o 34% o29** 
Goasc 2 23* 2 23* won ~22* 
Gon sR - 30* * -18 ~22* 224% 
G:2M:S »J0«* 3 2%* a26** 4 Q** 
G:M:G - 46** Bye 720° o28** 
Nelst 40 ** 139" 0 35** 040 ** 
NiL<sC 052%% - 56** o41** Yee 
Nei k 21% 0 35%** o29** 40 ** 
Noles ~48%* o 39** Saas 04 7** 
N:L:G 30 oo «21% aL) SPR s 
Neist eer o4Uxx 2 36** 037 ** 
Nhs C oD 1** o51** 43x 05 1** 
N:M:R pels har 3 03 ~46** o 46** 
NIMS <0 ~ 48** 041% o45** 
NiM:G - 24* py Ae w2e* 214 
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**Significant at the .01 level of probability 
*Significant at the .05 level of probability 
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Sex correlated Significantly with the two 


geometric generate tasks for which the negative correlations 
of -0.23 (p<.05) and -0.27 (p<.01) indicate the influence of 
being a girl. Similarly, the only pattern processing task 
with which age correlated significantly was Geometric: 


Matrix: interpolate (r=-0.23, p<.05). 


In view of these results, Hypothesis 4 is accepted 


for both sex and age. 


The correlations between the Pattern Processing 


Test, sex and age are shown in Table 35. 


SUMMARY 


Chapter IV contained the results of the 
instrumentation followed by the testing of the hypotheses 
associated with the four major purposes of the present 
study. In this chapter the pattern generating tasks were 
discussed in detail, while the error strategies employed by 
the children on the pattern tasks with preset correct 
answers will be categorized in Chapter V. A discussion of 
the major findings from both Chapters ,IV and V will be 
presented in the sixth and final chapter, with implications 


for curriculun developers and teachers in the classroon, 
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TABLE 35 


COPRELATICNS BETWEEN THE PATTERN PROCESSING TEST, 


SEX AND AGE 


(N=100) 

Sex Age 
Geli -0.14 -0.06 
GrUsce: -0.16 -0.00 
GrLeR : «05 0% | 
Giese Sis -0.05 -0.09 
6sL3G: -0.23* sO7. 
GoMers -0.05 -0.23* 
G:M:Cs -0.06 04 
G:M:R: Oz 06 
GomN:3Ss -0.10 208 
G:M:2Ge: -0.27** Aa PP 
| Oe -0.08 <05 
RSLsCe B81 9/ -0.106 
Neb: R¢ - 06 a05 
Nv S * 09 204 
NeLeGe -0.17 205 
iegle Edge -0.02 05 
NosasCs 214 -0.06 
NoMsRs -(C.03 -0.12 
Nemes: -0.14 -0.11 
NeM:G: -0.01 -0.07 


**Significant at the .01 level of probability 


*Significant at the .05 level of probability 
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CHAPTER V 


CATEGORIZATION OF ERROR STRATEGIES EMPLOYED 


IN THE PATTERN PROCESSING TEST 


In Chapter IV the emphasis in the reporting of the 
results of the Pattern Processing Test was on the 
performance of the children according to some criterion of 
success. In Chapter V the focus is on the strategies 
employed by the children in those items of the tasks with 
preset correct answers where their performance did not meet 
the stipulated criterion of success. The error strategies 
have Hee ue uteaamieed to varying depths depending on the 
amount of information residing in the data. As the 
responses preduced by the children are assumed to be the 
overt manifestations of mental operations, the error 
strategies are drawn from the interpretation of indirect 


evidence. 


The various categories of error strategies are 
briefly described as they arise, even though the highest 
frequency for a particular type may occur in a task reported 


later. 
With the exception of Test P [Numerical: Matrix: 
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Interpolate], each of the tasks with preset correct answers 


had 10C9 possible responses over the total sample. In order 
to categorize the responses to the Numerical: Matrix: 
Interpolate task in a meaningful way, each of the five items 
was viewed as a whole so that the maximum number of 


responses for the purposes of this chapter was 500. 


A detailed description of the Pattern Processing 
Test, including the scoring procedure, is set out in 


Appendix A. 


Geometric: Linear 

The geometric linear tasks were contained within a 
limited closed system having a maximum of four colours, four 
shapes and nine elements in any one sequence. For each of 
the four tasks the most frequently employed error strategy 
seemed specific to the pattern process involved. In the 
interpolate task there were 54 instances in which the 
children reproduced one of the elements adjacent to the gap, 
while in 56 cases of the continue task, part of the given 
sequence was reproduced as the response. One of the most 
frequent error strategies among all the tasks of the Pattern 
Processing Test occurred in the linear reverse task. Two 
hundred and thirty-seven responses contained the correct 


elements but in the reverse order even though this aspect 
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waS Specially discussed before the test was administered. 
Moreover, no subject consistently employed this strategy in 
all his respcnses and so this strategy of reversing the 
crder does not seem to result from the misinterpretation of 
test instructions. In the select task the most commonly 
chosen response was a repetition of the final element in the 


given response, a strategy which occurred 50 times. 


A strategy employed frequently in three of the 
four tasks was the repetition of the element(s) at the left 
hand end of a given sequence (G:L:I, 423; G:L:C, 50; G:L:S, 
72). j%qThere were cnly eight occurrences in the reverse task 
where a higher frequency may have been expected because of 


the emphasis on the left hand end. 


"Fairness", one of the types of rationalizations 
noted by Klahr and Wallace (1963) in their study of 
children's pattern responses, occurred 23 times in the 
interpolate task of . the present study. The need for each 
element to have a partner seems connected with the child's 
sense of symmetry as, for example, in 


Gtb:I #8 BSeBSrRE RETRCESSLBS EG 


Loss of hold is the term used by Bartlett (1958) 
and Donaldson (1963) to describe the strategy whereby a 


subject's response is correct initially, then appears to 
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change course, as for instance in 
G:L:C #9 YD BH GD BD GH GD 
Three sequences in the continue task fell into this 


category. 


The total numbers of errors categorized by 
strategy in the interpolate, continue, reverse and _ select 
tasks were 138, 155, 367 and 220, respectively, with 61, 30, 


51 and 14 errors remaining uncategorized. 


The categorization of the error strategies 


employed in the geometric linear tasks is set out in Table 


In the four geometric matrix tasks with preset 
correct answers, the recorded evidence of the children's 
mental processing of. pattern was circumscribed by the 
constraints inherent in the matrix arrangement of a small 
closed system of coloured shapes, as well as by the 
requirement to fill only one row of celis in the three 
extrapolation tasks (continue, reverse and select). Asa 
result a detailed categorization of the error stategies was 


not attempted for these tasks. 
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TABLE 36 


GEOMETRIC LINEAR TASKS: 
CATEGORIZATION OF ERROR STRATEGIES 
(N=100) 


DDS ewe SSeS ae See a a a a a a ae a ae ea as = = 
me ee eae eee ae a ee ae SS SS SS SS SS SSS ES SS EE SE EE EE ES SEE SS ES SEE ET SE EE SEE ETE TE ES 


Error Category {G:L:1] {G:L:C] [G:L:R] (sG sels. 4 


Right end element (s) 


Repeated 19 25 35 80 
Reversed 0 3 13 20 
Left end element (s) 
Repeated 42 50 8 72 
Reversed 0 / 9 2 0 
Correct elements 
in reverse crder 0 0 237 0 
Adjacent element 
repeated 54 0 0 0 
Continued in' wrong 
direction 0 0 hee 0 
Part of sequence 
Repeated 0 56 47 34 
Reversed 0 9 ul 14 
Loss of hold . 0 3 0 70 
"Fairness" 23 0 1 0 
Total 138 155 367 220 
Not in set Vz 9 15 0 
Indecipherable 0 2 1 0 
Uncategorized 61 30 So 14 


Grand Total 24:1 196 4u4 234 
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The children seemed divided into two groups, those 


who could solve the problem easily and those who had great 
difficulty in doing so at all.. In the . continue task, for 
instance, 29 children scored either 9 or 10, while 21 
managed scores of 3 or less when the first item worth two 
points was designed on Burt's (1922) advice that the initial 
test should act as a shock absorber whose purpose is "to 


allay the nervousness and engage the interest of the child 


(p.9) ." 


The less successful children in the interpolate 
task tended to concentrate on the shape property of the four 
missing elements in each matrix before attacking the matter 
of colour. Altogether there were 351 errors in either shape 
or colour. It is noticeable, however, that in this task, 
the first involving the geometric matrix arrangement, the 
children did at least strive to solve the five matrix 


problems. 


In the three extrapolation tasks the children who 
were not successful seemed to have only two strategies 
available to them; either to repeat one of the given lines 
of elements or to ignore the problem altogether. The number 
of items not attempted increased across the tasks from 82 in 
the interpclate task to 191 in the reverse task. In 


providing choices the select task with 138 matrices not 
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attempted allowed the less successful childen an escape fron 


their dilemma. 


The bread categorization of the responses to the 


geometric matrix tasks is presented in Table 37. 


Between them, the two most frequent error 
strategies employed in the numerical linear tasks accounted 
for 849 out of a total of 1810 error responses. The first 
strategy involved the next consecutive counting number 
either forwards or backwards. In the select task where one 
of the @istractors consisted always of the next consecutive 
number, there were 293 occurrences of this strategy. In the 
interpolate task this strategy was applied to the two 


numbers adjacent to the missing element on 122 occasions. 


In the second of the two most frequent strategies 
the children produced multiples associated with either the 
end number in the three extrapolation tasks or the numbers 
adjacent to the missing element in the case of the 
interpolate task. This strategy sometimes took the form of 


multiples originating at 9 as in 


NzL:C #60 23/5166) 9 abe 


A variation retained the multiples in the ones digits as in 


oe edt 09 bat haga’ oe 


i anotaa. ont FO ‘eolaad Aokts Loge TRG ‘aoa, ada: bs. aedeue iene 
rk N ‘to ‘OBA? eM, ab tenet pelle sod. ot 


ore. 


O72 eqaoes. 2 6) mebL basi 


oe 0 ap eet 


1ogte .; sineiede i s200 owt edd “yea nomeroa Bi 
betavooas eden? rnonkh Sishiateaaldal oat ai: oe 


$2742 ne 1 bis 


| senodengon ct ao! soenaite a ; two 
seipssaie djapuped? tosis woe: + oft to. 


oat Aoddgo | vere ‘tatabsones avlgisive ee panto ott | 


oy) : ii Y 7 i“ ri 


Posy 


TABLE 37 


GEOMETRIC MATRIX TASKS: 


CATEGORIZATION OF RESPONSES 


(N=100) 
ee. ee Fy a. See ote root amu 
Response Category [G:M:I] (G2MeG { GoM: Rk] {[G:M:S] 
Smaart a I eee ee See eee te es ee ee 
Correct 526 6235 S90 604 
Attempted but 
not finished 44 83 46 10 
Not attempted 82 172 191 138 
Wrong 351 T22 S72 248 
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N sige #6 Ar 52 18 SSEsOm Sed 6.9 


In the select task where some form of multiple 
associated with the end number was one of the choices, there 
were 159 instances of children employing this error 
strategy, while the interpolate, continue and reverse tasks 


had 102, 51 and 85 instances, respectively. 


Altogether, these two strategies accounted for 
51.6 per cent of the interpolate error strategies, 17.3 per 
cent of the continue, 31.1 per cent of the reverse and 71.6 


per cent of the select error responses. 


Other error responses in the interpolate task 
included the difference between the two numbers adjacent to 
the Re ecainat eneebnt on 59 occasions, and the next odd (or 
even) number if the numbers adjacent to the missing element 
were odd (or even) with 50 instances. Rh 6Gal*"Sokut XoOn 
which noted a relationship between the numbers near the 
missing element but disregarded the whole sequence was 
produced on 20 items. In poneca™ the ehuaren seemed to 
concentrate on the numbers adjacent to the missing element 
as there were 383 error responses relating to the adjacent 
numbers and cnly 13 and 21 relating to the right and left 


end numbers, respectively. 
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The number of error responses in the Numerical: 


Linear: Interpolate task remaining uncategorized was 17. 


The categorization of the error strategies for 


Test Ke [Ne Lied} aseshowne ain Table 3a. 


In the continue task, there were 113 responses 
which indicated that the child was obviously bordering on 
successful discovery of the relationship involved, yet the 
execution was not close enough for the response to _ be 
considered as merely inaccurate. Examples of this proximal 
type of response are 

Neb=C #5 S64392>28P29920916) 11.6 


N:L:C 4S UPR G82 370 32027, (22.018) :13 


idGcode of 122 responses which could not be 
categorized according to error strategy showed that the 
children's thinking was not disorderly, yet there was 
insufficient evidence to justify describing them as proximal 
responses. Examples of responses regarded as not disorderly 
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There were 68 error responses remaining 


uncategorized for the continue task. 
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TABLE 38 


TEST K [ NUMERICAL: LINEAR: INTERPOLATE J]: 


CATEGORTES OF ERROR STRATEGIES 


(N=100) 
Hirer category == Ce ”C**:sCPrequency = 
Relative to Fither 
Adjacent Numker 
Next number 
(forwards cr backwards) AZZ 
Next odd (if odd) or 
even (if even) number 50 
Associated multiple 102 
Next decade number Mee 
Local solution 20 
Difference between the 
two adjacent numbers a9 
Inaccurate 18 
Relative to Final Number 13 
Relative to Initial Number 21 
Uncategorized i) 


ee ee ee ee SS eS ES NS A 


ee ee a a an a a a a a a a a a = a ee ee ee 
i ee 


ess 


we ot ae sh eg po Soe me ma tear as ae se a 
YrIAoupsIs 


EE LAE A AAA TI I 


| 
5 i 4 
iy eer 
re Ye hm ‘ 
if hs 14 
Pee ir 
Sst ; 
cor =e 
ie tr ¥ 
Sf 
x i 
OF ; son oa 
“ rf fi 
F a i. Pua 
tf ai 
: c 4 ty ' va 
i sy, Kl 
A a 


ro 


By be ee 


/ belt OAL 3 i 


SUUMSR SMS ee hes cee 


w) 


cee a ah 


Wt Nonige 


f = OO Gieky caine Reet aS 
9 UP TE ci a a At ae 


t ie Ok 
ay, it 5 i 
bie ar oa 
ah Renee: © aks 
YU 


Y nate , rN 


eae 


ates 
Ree MAE «pi 
aes in sae 


ws 


iow 
i 


’ ‘a “ane 


224 


The matter of direction characterizes the pattern 


processing rfroblem specific to the reverse task. There were 
31 responses which contained the correct elements in the 
wrong order. Of the 54 proximal responses, 9 were in the 
reverse order while 15 of the 81 responses described as not 
disorderly were also in the reverse order. Three responses 
continued a sequence in the wrong direction, an indication 
that the child was changing from the reverse to the continue 
task. Nevertheless, out of the 421 error responses, only 58 
were the result of reversing direction which, therefore, 
cannot be regarded as the most significant factor in the 


children's lack of success in this task. 


The number of error responses remaining 


“uncategorized for the reverse task was 101. 


The format of the select task restricted the 
number of error strategies available to the children. of 
the 502 error peseoneeee 452 were categorized as belonging 
to either the next number or the associated multiples types 
as. previously noted. In the third most frequent category 
(24 occurrences), the children chose the next decade number, 
asa 
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The number of error responses remaining uncate- 


gorized in the select task was 18. 


The categorization of the error strategies for 
Pesce h ( Nelle iy rest nN | Nv be RI Mand TESt-=NS"F NSE ese eas 


presented in Table 39. 


The structure of Test P [{ Numerical: Matrix: 
Interpolate] seemed to provide the children with the 
Opportunity to reveal the state of their mathematical 
thinking through the error strategies they employed. The 
task called for the coordination of linear sequences in two 
directions. There were 70 matrices in which the children 
‘filled the four empty cells so that independent linear 
sequences resulted, as in the following example. 
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On eight occasions the children found that after using three 


cells to construct uncoordinated linear sequences there was 
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TABLE 39 


CATEGORIZATION OF ERROR STRATEGIES 
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(N=100) 
gS ee hae on eRe 
ENSL2C} (oNS eR) ( Nebes } 
End element (s) 

Reversed 4 6 6 
ihe ae eee =H 47 293 
Next number(s) in odd 
or even sequences 44 17 0 
Next decade 5 0 24 
Associated multiple (s) Dt 85 159 
oeccier 0 31 0 
ae : : 
Loss of hold 3 0 0 
Inaccurate 5 0 7 
Proximal response 113 45 0 

Reverse order 0 9 0 

Total 256 239 491 
Not disorderly 122 €6 0 

Reverse order 0 15 0 

Uncategorized 68 OA Us, 
Grand Total 446 421 509 
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no sequence that could accommodate the final cell. 
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matrices contained 


sequences except for one cell which 


associated with an adjacent number, 
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filled with a numker associated with an an adjacent element, 
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NeMsI #3 eee eek NO oS 


In 18 matrices the children used the operations of 
addition or subtraction to relate adjacent numbers. The 
three ty three format may have avavutwone children to view 
the items as number fact puzzles, a type of exercise often 
found in elementary mathematics texts. Yet there were a 
further 25 matrices containing linear sequences as well as 
number bonds. This error strategy involving the operations 


“may be another example of the loss of hold strategy. 


The number of matrices remaining uncategorized in 


the Numerical: Matrix: Interpolate task was 47. 


The categorization of the error strategies for 


Test P [N:M:I] is set out in Table 40. 


In the three extrapolation tasks, continue, 
reverse and select, the loss of hold strategy seems evident 


in those response lines which were correct except for one 


as ae M8! 


Ya RBA 


so lod, a | 


to esoltszego sag beau ne hbhao.eds ‘peotaten oF ae 
ed't _predmng Paaoetb oselex 10d nodtoszsdue ) ame 
woiv of nexbLido PMs, pueth wad von gsqs03 sorte 
netito ‘ge hoiexs Ro addy? a) seotsseq soot edans 28, a 
& 9708 ered, pay sasKed _aodtsmedtsn” ‘Yastnesale 
as fiew | BS aeonoupoe ssonkt Rabnteree3, Saoiztew at 
<9 areas ei? oniviowas neetarts souls e1ih abuod 3p 


pan te AC ee 
feetionse | sats Qo apoL edt bio Liens 
cas, ity 4 eh. Di) ak, em 95) 10 


an rn We ee? 
nit sostggmtioas estadagwa eootigen to redavd oar a 


. : wh 


nee aew aed setoqietn a1Ftew chp 
rs Vas hs Or ‘Waa . : wy ee pu 0 , in i (di 


"elas - tf 


303 eodped ecfonzs ody “20 mostan te 


Pe } 


ri 


ee TT te ea 
Si A ‘ 


a 


youmtts 209 eens” soizatogertxe 


# A 
in d 
20 220. 
iy Kx 


Renita 
pao. ‘qo? tq0ox0 Rigi, in w doy 


sasbive: anooe yeotease. ‘Blo, 


Zee 


TABLE 40 


TEST P [ NUMERICAL: MATRIX: INTERPOLATE ]: 


CATEGCRIZATION OF ERROR STRATEGIES 


(N=100) 
Hrcor Category) > - +o Frequency | 

Matrix correct except 
for one inaccuracy 8 
Uncordinated linear 
sequences 

All cells 70 

"Trapped" on final cell 8 

Spoilt by a 

response associated 

with an adjacent number 85 
Each response associated 
with an adjacent number 7 
Operations used to relate 
adjacent numbers 

Ali cells 18 

Mixed with linear 

sequences Phe) 

Total 221 

One cell inexplicable 16 
Not disorderly 43 
Uncategorized 47 
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number associated with an adjacent element from the given 
matrix. The number spoiling the response line was usually 
some form of multiple. There were 38, 30 and 85 occurrences 


of this strategy in the three tasks, respectively. 


Although the frequency with which the response 
lines formed inderendent linear sequences was 115, 110 and 
20 for the three tasks respectively, there were few 
instances (13, 0 and 3, respectively) where the loss of hold 
strategy was observed in one cell of an independent linear 
sequence. However, there were 64, 12 and 65 error 
responses, respectively, in which each cell was filled with 
a number related to the adjacent element of the given 
Matrix, but unrelated to either the linear sequences 


comprising the matrix or the response line being produced. 


There were more examples of inaccuracy in the 
three extrapclaticn tasks in the matrix arrangement than in 
any other group of tasks. One inaccurate number spoilt 
otherwise correct response lines on 57, 40 and 14 Gceasion cs 


respectively. 


The number of response lines remaining 


uncategorized were 42, 117 and 51, respectively. 


The categorization of the error strategies for 
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Test QO [N2N:C], Teste R [NIMNSR] and Test S [NeMeS]} is set out 


in Table rs t. 
Summary 


In this chapter the children's error responses on 
the Pattern Processing Test have been categorized according 
to strategy. An exhaustive analysis, however, was not 
pursued, especially in the geometric matrix tasks where a 
detailed categorization did not seem meaningful. In the 
remaining 12 tasks the number of possible responses was 
11,5C0. Of the 4310 error responses, 3256 were categorized 
in a maximum number of nine error strategies for any one 
task. A total of 372 error responses was regarded as not 


disorderly, while 617 altogether remained uncategorized. 


Although the main purpose of the present study was 
the investigation of the pattern processing abilities of 
elementary school children, the recommendations £OLG 
mathematics educators and classroom teachers put Pouwacd in 
the sixth and final chapter oaiia be influenced by the 
categorization of the error strategies as set out in Chapter 
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(N=100) 
See eee i tows rR. al agar. 
Error Category [NsM:C] (Nem: Rj abs eS?) 
Response line correct 
except for 
One inaccuracy ST 40 14 
One number associated 
with an adjacent number 38 30 85 
Independent linear 
sequences 
All four cells 115 110 20 
Spoilt by a . 
response associated 
with an adjacent number 13 0 3 
‘Addition (or subtraction) 
of 1 to an adjacent line 5 14 47 
Each response associated 
with an adjacent number 64 12 65 
Difference retween two 
elements 0 19 1 
Total = 292 PAPAS) 235 
Not disorderly 48 47 S49 
Uncategorized 42 va 51 
Grand Total 382 389 317 
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CHAPTER VI 


SUMMARY, LISCUSSION, IMPLICATIONS AND RECOMMENDATIONS 
SUMMARY OF THE INVESTIGATION 


The notion of pattern, which has been the focus of 
this study, is a phenonenom observed in the natural 
environment and is subsumed in the interpretation the view 
of mathematics as “the classification and study of all 
possible patterns (Sawyer, 1955, p.12)." It seems a 
rational extensicn of this view that the study of pattern 
should be a desirable component of the elementary school 
mathematics curriculum; hence the need for knowledge about 


the young child's ability in relation to pattern. 


The present study was designed primarily to 
investigate the pattern processing abilities of elementary 
school children. Five pattern processes aaeoroiaees 
continue, reverse, Joule and generate), two forms 
(geometric and numerical), and two arrangements (linear and 
matrix) were inccrporated into a hierarchy of 20 tasks, for 


each of which a test was prepared. 
A secondary aim of the study was to determine the 
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relationship, if any, between the children's pattern 
processing ability and their level of development in 
Piagetian conservation and classification, two mental 
Operations pestulated by the Genevans as necessary for 
mathematical understanding. Because children tend to move 
in Piagetian terms from the pre-operational to the concrete- 
operational stage between the ages of seven and nine years, 
Grade three classes were selected as the source of the 


sample. 


A further aim of the present study was the 
investigation of the relationship, if any, between the 
children's pattern processing ability and their levels of 


mathematics achievement and intelligence. 


Sample 


A sample of 100 Grade three children was chosen 
randomly from 11 classrooms within the Edmonton Public 
School System. No adaptation classes of specially chosen 
children were included; however no restriction was placed on 
Children of low intelligence or physical handicap. The 
sample which consisted fortuitously of 59 girls and 50 boys 
ranged in age from 92 to 134 months with a mean of 104.5 
months. The sample's mean grade score for mathematics 


achievement was 3.9 while the mean of the intelligence 
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scores was 114, with a range from 73 to 139. 


Instrumentation 


=— 


A battery of tests was administered to each 


subject either in group situations or individually. 


Pattern, Processing Test. A test was designed by 


the investigator for each combination of process, form and 
arrangement, making a total of 20 tasks. Sixteen tasks, 
prepared in colour for group administration, n had preset 
correct answers, whereas the four generate tasks allowed the 
children to produce their own patterns. The scores obtained 
were used to assess the children's pattern processing 
ability (reported in Chapter IV) while the errors were 


‘categorized according to strategy and reported in Chapter V. 


Piagetian Conservation and Classification. Six 


tasks derived from research reports published by Piaget and 
his associates were selected to investigate conservation of 
number and area, along with Rune dies eave composition and 
additive composition of classes. The tasks were presented 
to each individual child who was then categorized as a 
conserver, partial conserver or nonconserver, and as a 


classifier, partial classifier or nonclassifier. 
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Mathematics Achievement Mathematics achievement 


ta fics _ if Dts 


Test_of Basic Skills; Mathematical Concepts and Problen 


Intelligence. Intelligence was measured by the 


verbal and nonverbal subtests of the Canadian Lorge- 


eee Ge ae SS Se 


Thorndike Intelligence Test, Level A. 


Se mee ee ee eS a ee aed aaa a 


Number Knowledge. A simple test devised by the 


investigator required the children to record the multiples 


OLv2,"S>5 8). 5726) Ctande 100 


Colour Discrimination. An informal LeSt 
administered within the Pattern Processing Test asked the 
‘children to sort and then label red, green, blue and yellow 


cardboard shapes. 


ee ee ee ae we we ee ee ee 


A summary of the SinesiGs will be presented under 
the four purposes of the study. A brief survey of the error 
strategies emplcyed by the children on the Pattern 
Processing Test concludes the section. From these results 
are drawn the major findings which will be discussed in the 


next section of this chapter. 
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Tocessing Abilities of Grade Three Pupils 

The pattern processing abilities of the Grade 
three pupils in the sample was judged by their performance 
on the Pattern Processing Test designed to cover the 
hierarchy of 20 tasks. The scoring procedure allowed ten 
points for each task. Among the 16 tasks with preset 
correct answers, the number of correct responses ranged from 
747 for Test D [Geometric: Linear: Select] to 322 for Test P 
{ Numerical: Matrix: Interpolate]. Among the four processes 
involved in these tasks, the combined scores for the 100 
children ranged from 2340 for the select task to 1585 for 
the reverse task. When accumulated according to form and 
arrangement, the combined scores decreased gradually from 
2222 for the geometric tasks, through 2144 for the geometric 
matrix and 1845 for the numerical linear tasks, to 1736 for 


the numerical matrix tasks. 


The children's performance on the four generate 
tasks may be considered from two aspects, the number of 
scoring items or the points earned by the scoring items. 
Nearly three-quarters of the possible sequences in both the 
geometric and linear forms scored points. With a possible 
total of 200 matrices in each task, the matrix arrangement 


resulted in 139 scoring for the geometric and 196 scoring 
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for the numerical forms, respectively. The apparent 


difference ketween the children's performance on the two 


matrix tasks may ke an artifact of the scoring procedure. 


The number of points scored by the generate tasks 
in the linear arrangement out of a possible 1000 was 421 for 
the geometric and 451 for the numerical form, respectively. 
For the matrices generated in the geometric form, 388 points 


were scored, with 434 points for the numerical form. 


Although the results of the Pattern Processing 
Test outlined above indicate that pattern processing ability 
exists in this sample of Grade three pupils as a whole, the 
abilities of the individuals comprising the sample need also 
to be considered. On every task except the Geometric: 
pts oe Reverse, there were children who scored 9 or 10 as 
well as those who scored 0 or 1, with every intermediate 
score represented. Every child scored at least five points 
on some tasks while the greatest number of zero scores 


gained by any one child was seven. 


More than half the possible correlations among the 
20 tasks of the Pattern Processing Test were significant 
(r=.20 to .48). The highest proportion of significant 
correlations occurred when the tasks were grouped according 


to process. The correlations obtained were not high and 
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although they support the presence of relationships among 


the tasks, they dc not provide the grounds for confident 


prediction of performance from one task to another. 


When the correlation matrix for the 20 pattern 
tasks, along with the six Piagetian tasks, mathematics 
achievement and intelligence subtests, age and number 
knowledge, was subjected to factor analysis, seven factors 
appeared. They may be described as 

I. Numerical Facility 
II. Conservation 
III. Geometric Linear Patterning 
Iv. Pattern Generation 

V. Geometric Matrix Patterning 
VI. Verbal Intelligence 


VII. Part-Whole Relations 


The most prominent factor was I. Numerical 
Facility which included the eight numerical tasks with 
preset correct a anenet the Geometric: Linear: See eee 
the mathematics achievement and intelligence subtests and 
number knowledge. Each of the 20 pattern processing tasks 
loaded on at least one of the factors I Numerical Facility, 
III Geometric Linear Patterning, IV Pattern Generation and V 
Geometric Matrix Patterning. Two factors, II Conservation 


and VI verbal Intelligence, were independent of the pattern 
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processing tasks, while the presence of a pattern task in 


VII Part-Whcole Relations was minor. 


Hypothesis I was rejected on the grounds that a 
simple structure of factors was derived from the factor 


analysis of the 20 tasks of the Pattern Processing Test. 


iI. _Pattern_ Processing Ability and Conservation 

Ccnservation of number was investigated from two 
different aspects, linear correspondence and circular 
correspondence. Of the 100 children in the sample, 82 were 
categorized as conservers on both tasks with 6 as 


nonconservers. 


Conservation of area situations involved the 
traditional Barns Task and the Transformed Triangles Task. 
When the tasks were taken together, there were 61 conservers 
and 4 nenconservers. The rationalizations expressed by the 
children in the Barns Task tended to support the contention 
that this task is perhaps measuring conservation of number 
for some children. Of the 77 children categorized as 
conservers, 22 gave clearly numerical rationalizations. 
Consequently, success on the Transformed Triangles Task was 
used as the criterion for conservation of area in the 


statistical analyses. 
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There waS no significant correlation between 


cconservation of number and any pattern processing task for 
the sample of Grade three pupils. This finding should not 
be interpreted as evidence that there is no relationship 
between conservation and pattern processing ability at every 
stage of a child's development. It may well be that 
conservation of number is a prerequisite ability £OP 
children to process patterns of any description. This 
question, however, was not investigated in the present 
study. Hypothesis L, that there is no significant 
relationship between Grade three pupils pattern processing 


ability and conservation of number, was accepted. 


The correlations between conservation of area 
measured by the Transformed Triangles Task were significant 
(r=.20 to .322) for 13 of the pattern processing tasks, among 
which no common relationship seems evident. Moreover, the 
correlations were low and so are not useful for making 


predictions about children's pattern processing ability. 


Hypothesis 2, therefore, was rejected for 13 of 
the pattern processing tasks and accepted for the remaining 
seven (Geometric: Linear: Continue, Reverse and Select; 
Geometric: Matrix: Interpolate and Continue; Numerical: 


Linear: | Interpolate; Numerical: Matrix: Generate) with 
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regard to ccnservation of area. 


Two Classification skills were investigated in 
this study, Additive Composition of Classes by a version of 
the classic Wooden Beads test and Multiplicative Composition 


of Classes using circles and squares in two colours. 


Of the 100 children in the sample, 44 were 
categorized as classifiers on the additive composition task, 
23 as partial conservers and 33 as nonclassifiers. On the 
mutiplicative composition task, there were 67 children 
categorized as classifiers, 30 as partial classifiers and 3 
as nonclassifiers. When the two tasks were taken together, 
34 children were categorized as classifiers, 65 as partial 


Classifiers and 1as a nonclassifier. 


Between them, the two classification tasks 
correlated significantly (r=.21 to .37) with 12 different 
pattern processing tasks, eheee of the 12 being common to 
both classification skills. Therefore, to accept Hypothesis 
3, that there is no significant relationship between Grade 
three children's pattern processing ability and 
classification, seemed justified on the grounds that neither 


Multiplicative Composition nor Additive Composition 
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correlated significantly with a majority of the pattern 


processing tasks. 


Pattern Processing Ability and Other Variables 


_— — —— =—— ——— 


The Mathematical Concepts section of the Canadian 


Test of Basic Skills correlated significantly with every 
pattern processing task while Problen eeiyaudeces valnees 
sigaificantly .with 17 sof the 20 «tasks | (e=02:1' «top os56) , othe 
remaining three being geometric in form (Geometric: Linear: 
Continue; Geometric: Matrix: Continue and Reverse). 
Therefore, it seemed justified to reject Hypothesis 4, that 
there is no significant relationship between Grade three 
children's performance on the Pattern Processing Test and 


mathematics achievement. 


Verbal intelligence correlated significantly with 
17, and nenverbal intelligence with 19 , of the 20 pattern 
processing tasks (r=.22 to .54). ASaxall cetheatpattern 
processing tasks correlated significantly with at least one 
aspect of intelligence as measured in this study, Hypothesis 
4 is rejected in respect to both verbal and nonverbal 


intelligence. 


The significant relationships between the pattern 


processing atility and mathematics achievement as well as 
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intelligence appear when the sample is treated as a whole. 


However, a slightly different perspective is gained when 
individual children's performances are considered in 
relation to their ratings in mathematics achievement and 
intelligence. Although there was a tendency for children 
with high perfcrmance on the Pattern Processing Test to have 
high intelligence and mathematics achievement scores, the 
reverse was not true. A number of children with high 
intelligence as well as high mathematics achievement scores 
could not be regarded as high performers on the Pattern 
Processing Test. Furthermore, the lowest performers on the 
Pattern Processing Test had intelligence and mathematics 
achievement scores distributed over the full range for the 
sample. Of the 18 children in the sample with intelligence 
scores below 100, only eight had two or more zero scores on 


the Pattern Processing Test. 


Sex correlated significantly with only one of the 
pattern processing tasks, Geometric: Linear: Generate, for 
which the negative correlation (r=-0.23) indicated that 
being a girl influenced the ade dione itn: It may well be 
that in their play activities, girls tend to have experience 
with linear patterns of a spatial kind in the form of 
decorative craftwork. Age also correlated negatively (r=- 
0.23) with only one pattern processing task, Geometric: 


Matrix: Interpolate. In view of these results, Hypothesis 4 
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is accepted for beth sex and age. 


V. Categorization of Error Responses 

A detailed though not exhaustive categorization of 
error resonses according to strategy was carried out for 12 
of the 16 tasks of the Pattern Processing Test with preset 
correct answers. The geometric matrix tasks were omitted 
because such a categorization did not seem meaningful. In 
the remaining 12 tasks the number of possible responses was 
T744500: Of the 4310 error resonses, 3256 were categorized 
in a maximum number of nine error strategies for any one 


task. 


Several error strategies stand out. Altogether 
615 error responses in the numerical tasks were classed as 
being the next number(s) forwards or backwards. This 
quantity represents 19.1 per cent of the 3225 error 
responses in the eight numerical tasks. In the numerical 
linear tasks, the 397 error responses categorized as 
associative multiples aseuteea to 21.9 per cent of the 1810 
error responses in these four tasks, or 12.3 per cent of all 


the numerical error responses. 


The error strategy specific to the two reverse 


tasks in the linear arrangement involved the correct 
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elements in reverse order. The 268 error responses in this 


category represented 31.0 per cent of the 865 error 


responses for the two tasks. 


In the numerical matrix tasks the strategy type, 
disloyalty to the given, could be applied either to the 
information supplied on the task sheet or to the sequence 
being recorded by the child, however wrong it may be in 
relation to the given matrix. Altogether 4C2 (28.4 per 
cent) of the 1415 numerical matrix error responses 


demonstrated some form of disloyalty to the given. 


The four error strategies labelled as next number, 
associated multiples, correct elements in reverse order and 
disloyalty to the given accounted for 16382 or 517.6 per-cent 
Of) =the (3256 error responses categorized according to 
strategy and 39.0 per cent of the 4310 error responses 
altogether. A total of 617 error responses remained 


uncategorized. 
DISCUSSION OF THE MAJOR FINDINGS 


The major findings of the study are discussed 
under the fcllowing headings: 


Ve The pee of a sample of Grade three pupils to 
process pattern; 
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2a. The significance of two Piagetian tasks in 
relation to the pattern processing ability of 
these Grade three children; 


wei. The rigidity and logic observed in the error 
responses to the Pattern Processing Test. 


ae eee ee ee Se a A Se es es Se ee es 


The ability of Grade three pupils to process 
pattern can ke considered from two angles, firstly, the 
range of froblems involving pattern which the sample as a 
whole solved with varying degrees of success, and secondly, 
the characteristics of individuals whose performance on the 
Pattern Processing Test indicated their identification as 


successful pattern processors. 


The Pattern Processing Test involved five 
processes, two forms and two arrangements, making a 
hierarchy of 20 different pattern tasks. The hierarchy of 
20 tasks can be partitioned into two groups, the 16 tasks 
with preset correct answers and the four generate tasks in 


which the children produced their own patterns. 


Within each of the tasks with preset correct 
answers, examples of different kinds of patterns were 
presented to the children for solution. The geometric tasks 


were based on nine different linear pattern descriptions, 
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while the numerical tasks were drawn from 23 different 


linear pattern types and subtypes. Altogether the children 
in this study were exposed to a multitude of different 
patterning problems. The percentages of correct responses 
for each item of the 16 tasks (see Tables 9, 10, 11 and 12) 
demonstrate the ability of the sample of Grade three pupils 
to solve a great variety of specific pattern tasks. At 
least one-third of the sample responded correctly on three- 
quarters of the items. There were fewer than five correct 
responses on only eight of the 120 items. The inappropriate 
design of the three” geometric matrix items” (Geometric: 
Matrix: Reverse #3 and #5; Geometric: Matrix: Select #5) 


which no child solved has already been acknowledged. 


Among the four pattern processes involved in the 
tasks with preset correct answers the order of difficulty 
likely to be experienced by the children'was conjectured as 
interpolate, continue, reverse and select, an order not 
reflected in the number of correct responses. The select 
task over the two forms and two arrangements prevcaes be 
the easiest, the result perhaps of the children's 
familiarity with workbook exercises and test items of a 
multiple choice type. With the select task set aside, the 
interpolate, continue and reverse tasks followed the 


predicted order of difficulty. 
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The order of difficulty of the tasks across’ form 
and arrangement was proposed more tentatively. The 
performance of the children, judged by the total number of 
correct responses for each group of tasks, verifies the 
predicted order of geometric linear then matrix, followed by 
Numerical linear then matrix. This order of difficulty 
which appeared when the four blocks of tasks were regarded 
globally did not necessarily pertain when an individual 
process was considered. Among the four continue tasks, for 
instance, the two matrix tasks seemed slightly easier than 
the two linear tasks. Moreover, the total numbers of 
correct repcenses for each task, arranged from largest to 
smallest, did not reveal any apparent system. The results 
of the present study, therefore, do not supply the evidence 
tc confirm that children are likely to experience less 
difficulty ith the simplest numerical items than with the 


more difficult gecmetric tasks. 


Nevertheless, the performance of the sample on the 
tasks of the Pattern Processing Test with preset correct 
answers demcnstrates the Sie of Grade three pupils to 
solve a wide assortment of pattern processing problems with 
varying degrees cf success depending on the difficulty 


component built into the items. 
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of problem to the children whose efforts ranged from the 


production of random lines of elements to sequences and 
matrices having mcre complex pattern descriptions than those 


presented in the tasks with preset correct answers. 


Of the total possible 1300 sequences and matrices 
in the four generate tasks nearly a thousand scored points. 
In the two geometric tasks, about a quarter of the sequences 
and matrices displayed randomness partially or completely, 
with a further 48 examples in the two numerical tasks. 
Although no child had zero scores in all four generate 
tasks, two children each had three zero scores each and nine 


children two zero scores each. 


The incidence of randomness in the generate tasks 
ay be ane to some childrents lack of experience with 
creative types of activities both in and out of the school. 
When the children were making their patterns with the 
coloured shapes, it was observed that some children seemed 
satisfied tc complete the sequence or matrix with no regard 
for order. The cclourfulness xy their finished products 


appeared to ke their criterion of success. 


With few exceptions, those children who scored 
consistently well on the four generate tasks were above 


average sccrers on the Pattern Processing Test generally. 
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However, some children with high scores in some tasks with 


preset correct answers performed poorly in the generate 


tasks. 


The complex patterns produced by a few individual 
children give an indication of the potential ability of some 


Grade three children in pattern processing. 


The individual children whose performance on the 
Pattern Processing Test warrants their identification as 
successful pattern processors do not easily fit a set of 
uniform characteristics. However, some trends appear, 
particularly with regard to variables other than pattern 
processing. With one exception, the nine children with two 
Or more sccres of 9 and 10 on the pattern processing tasks 
were high ce benaee on the mathematics and intelligence 
tests, though the reverse is not true, as noted previously. 
The group of nine is made up of five boys and four girls so 


sex seems to play a minor role, if any. 


All nine children were beyond the pre-operational 
stage in both conservation and classification, with half of 
them operational in all six Piagetian tasks. However, 
because there were many conservers and classifiers who did 
not perform well on the Pattern Processing Test as a whole, 


it must be emphasized once again that being a conserver or 
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classifier on all six Piagetian tasks did not necessarily 


guarantee success on the Pattern Processing Test. 


Although it might be expected that these nine 
children weculd score well in the generate tasks, eight of 
them had scores of 5 or less on at least one of the four 
tasks. Five of the group earned 9 or 10 points on at least 
one generate task, with one girl scoring two tens. Success 
on the generate tasks did not seem to be a critical feature 


of pattern frocessing ability. 


However, one of the tasks of the Pattern 
Processing Test appears tory ber significant. Test P 
{ Numerical: Matrix: Interpolate] had fewer correct responses 
than any other task. All five children who scored well on 
Test P performed well on the Pattern Processing Test as a 
whole. Eight of the nine children regarded as high 
performers cn the Pattern Processing Test had scores of at 
least 6 on Test P which is nearly twice the mean score of 
BuUareE The remaining child who earned 2 was well below the 
rest of the group in intelligence and in mathematics 


achievement. 


Test P [N:MsI] appears to be the only pattern 
processing task which separated the group regarded as high 


performers frem the rest of the sample. It will be recalled 
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from Chapter V that the error responses to this task seemed 


to reveal very clearly the error strategies which the 


children were employing. 


A neat. check list of the characteristics of a 
successful pattern processor does not emerge from this 
study, though high performance on the Numerical: Matrix: 
Interpolate task, as well as high scores on mathematics 


achievement and intelligence seem significant. 


The seccnd major finding notes the significance of 
two Piagetian tasks in relation to the pattern processing 
ability of Grade three pupils. Two results of the 
Transformed Triangles Task and Additive Composition of 
Classes distinguished them from the other four Piagetian 
tasks for Grade three children. The sample as a whole was 
almost completely successful on the two conservation of 
number tasks and Multiplicative Composition of Classes, an 
indication that Grade three EE aeen have possibly reached 
the ceiling on these tasks. The other three tasks, the 
Barns Task, the Transformed Triangles Task and Additive 
Composition of Classes, separated the children into those 
who could ccnserve or classify and those who could not do 
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ccnservation of area in all cases is, however, guestioned. 


On the other hand, the Transformed Triangles Task 
and Additive Composition partitioned the sample into three 
groups so that the conservers or classifiers were clearly 
differentiated from the nonconservers and nonclassifiers, 
with 7 and 23 children, respectively, being categorized as 
partially successful. The Transformed Triangles Task 
correlated significantly (r=.20 to .32) with 13 and Additive 
Composition with 8 of the pattern processing tasks. Though 
these quantities do not represent a high proportion, they do 
provide some statistical information about pattern 
processing ability at a Grade three level, when many 
children are passing through the transitional period from 
the preoperational to the concrete operational stage of 


development. 


It may be recalled that none of the nine children 
regarded as high performers on the Pattern Processing Test 
was categorized as preoperational on either of these two 
tasks. From this study it appears that, unless he has the 
ability to conserve area along with the class inclusion 
skill, a child at Grade three level is unlikely to be highly 


successful in pattern processing. 
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Rigidity.and Logicuin_Error Strategies 


The third major finding of the study arises from 
the categorization of error strategies employed by the 
children on the Pattern Processing Test, particularly on the 


humerical tasks. 


Two qualities of the children's mathematical 
thinking can be inferred from the error strategies four of 
which predcminate: next number, associated multiples, 
correct elements in reverse order and disloyalty to the 
given. Rigidity seems to characterize the two most frequent 
error strategies, next number and associated multiples. The 
children whose error responses fell into these two 
categories seemed to be dominated by the process of counting 
popstar ti yela: This Situation may arise because the 
counting activities experienced by young children are often 
restricted to the oral recitation of the 1s sequence and 
workbook exercises for which knowledge of the next 


consecutive number provides the correct answer. 


The use of associative multiples was evidence that 
the children were no longer restricted to counting by 1s; 
however, a lack of flexibity still existed in that the 
children adhered to the idea of counting in groups that 


would originate at zero. Because of the design of the 
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items, only those children able to recognize numerical 
relationshirs of a non-routine though simple nature could be 
successful cn the numerical tasks of the Pattern Processing 


Test. 


On the other hand, the fact that most of the 
children's error responses could be categorized according to 
strategy indicates that the children were employing logic of 
a sort in their problem solving. Bartlett (1958) maintained 
that his adult sukjects did not guess randomly. The same 
claim may be made for children who employ any of the four 
predominant strategies as well as those used less frequently 
such “as repetition “of part” of the sequence given. 
Altogether 617 of the 4310 responses remained uncategorized. 
If an exhaustive analysis had been conducted, this number 


may have been considerably reduced. 


The low proportion of error responses remaining 
uncategorized together with the few error strategies lends 
support to Ccllis's (1974) statement that children's eee 8 
to mathematical problems are seldom the result of 


carelessness. 
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IMPLICATIONS OF SOME OF THE FINDINGS 


Pattern. processing provides a rich source of 
problem solving situations which do not involve reading. 
The results of this study indicate that children from all 
normal intelligence levels can be successful, especially as 
many correct answers are often possible. it was observed 
during the administration of the Pattern Processing Test 
that the children seemed to enjoy especially the geometric 
tasks. When the first of the numerical tasks were 
presented, a number of children at each school commented on 
the mathematical nature of the activities, thereby implying 
that the geometric tasks were not connected with their 
notion of sashes The appeal inherent in colourful 
geometric pattern activities can be extended to numerical 
tasks presented attractively and proudly. If the children's 
reactions of delight to the photographing of their geometric 
patterns in this study are any guide, the op portunity to 
create patterns of their ihe which are recorded and 
displayed, may foster more positive attitudes towards 


mathematics. 


In order to reduce the rigidity embodied in the 


children's error strategies that were demonstrated within 
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this study, teachers may take preventive measures, such as 
the introduction cf group counting starting at a number 
other than zero, so that more flexible approaches to the 
solution of problems involving relationships may be 


developed. 


Similarly, teachers may feel encouraged by the 
limited number of error strategies the children employed in 
thise,study, .to. plansa Erercer sts program so that productive 
rather than unsound problem solving techniques can be 


developed. 


Test P [Numerical: Matrix: Interpolate] proved to 
be significant within this study for two reasons. Firstly, 
it was the task which seemed to set apart the children 
regarded as high performers on the Pattern Processing Test; 
and, secondly, ‘through the” categorization” “of” "its “error 
responses, the children's strategies were easily identified. 
Teachers who wish to. assess their pupils' progress in 
pattern processing may find the construction of eeiriar 
items a useful tocl for evaluation purposes. such =a test 
instrument may also provide the classroom teacher with 
information about a child's thinking strategies, a guide 


perhaps to his performance in other areas of mathematics. 


“Teachers who are concerned about their pupils’ 
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knowledge of number facts may look to pattern processing 


activities as one solution to this pedagogical problen. 
Rather than resorting to memory drill as the sole means of 
inculcating number fact mastery, teachers may consider the 
benefits to ke gained from the study and application of 
pattern. It seems desirable for the child to realize that 


the number. system. is not simply a_ haphazard 
collection of isolated facts, ut 2S highly 


organized, self-consistent, complex and inter- 

related. Until the child gains this view of 

numbers he has not understood the number systen. 

It is the view of the number system as a _ logical 

arrangement cf numbers that helps to distinguish 

the mathematician from the drudge who sees numbers 

as separate and distinct entities. One uses the 

logic of the system to assist his work; the other 

struggles with his work because he has not. seen 

the logic (Education Department of Victoria, 1964, 

#D, pe4). 
Teachers may be advised to encourage their pupils not only 
to look for patterns of the geometrical and numerical kind 
presented in this study, but also to become aware of the 
relationships inherent in other facets of elementary school 


mathematics. 
For_ the Curriculun 


Should curriculum developers decide that the study 
of pattern is a valuable component in elementary school 
mathematics, this study furnishes them with evidence that 
Grade three children possess pattern processing ability over 


a wide range of process, form, arrangement and type. The 
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variation in performance exhibited by the children 
underlines the necessity that any curriculum change should 
take into account the differences in ability among children 


even of the same age and grade level. 


The general order of difficulty experienced by 
this sample cf 100 children may suggest a possible sequence 
of developmental activities designed to expose young pupils 
to a variety of pattern problems embodying simple 
relationships of a routine and nonroutine nature. 
Initially, a small closed system of a limited number of 
coloured shapes can provide the setting for manipulation of 
concrete objects so that the children may actively learn not 
only to solve pattern problems but also to create them. The 
irst” of pattern descriptions assembled for both geometric 
and numerical sequences can serve as a resource, with those 
items which proved too difficult for the Grade three 
children in the study acting as pointers towards more 
difficult relationships that do not require advanced 


mathematical knowledge. 


Two results of this study apply specifically to 
mathematics educators who are responsible for the 


professional preparation of prospective teachers. The young 
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teacher may have studied many aspects of mathematics 
education yet lack the knowledge of how children think 
mathematically. In the pattern processing task Numerical: 
Matrix: Interpolate (Test P), the children revealed through 
their error strategies some of the quirks in their 
mathematical thinking. A valuable assignment for 
prospective teachers might be, for example, the 
administration of this simple exercise to a group of 
children, followed by the categorization of the error 


strategies employed by their particular subjects. 


Ancther difficulty for prospective teachers is the 
acceptance of individual differences in ability, achievement 
and maturity found among pupils in an apparently homogeneous 
class. Although the other four Piagetian tasks may 
differentiate children at a lower level than Grade three, 
the Transformed Triangles Task and Additive Composition of 
Classes separated the children in this study. These simply 
administered tasks can provide the evidence to convince the 
prospective teacher that children vary in the ways they 
think.logically, a.state_of oa likely to affect their 
performance in conventional mathematics activities. The 
knowledge of such differences may influence the young 
teacher to strive to develop a battery of teaching 


techniques. 
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RECOMMENDATIONS FOR FUTURE RESEARCH 


This study has concentrated on the products of 
children's pattern processing. The responses made by the 
children provided the data not only for the investigation of 
the pattern processing abilities of Grade three pupils but 
also for the categorization of error strategies. Donaldson 
(1963) used a "thinking aloud" technique to explore the 
problem solving strategies of her subjects. The hierarchy 
of pattern processing tasks contains blocks of tasks grouped 
according tc process, form and arrangement. ie is 
recommended that the tests prepared for each block of tasks 
be administered according to the "thinking aloud" technique 
in order tc discover more directly how children operate in 


mathematical situations involving relationships. 


This study focussed on Grade three children. it 
is recommended that the pattern processing ability of 
children at cther grade levels be investigated, along with 
the six Fiagetian tasks measuring conservation and 
Classification. Such research would reveal whether the same 
order of difficulty pertains for all elementary school 
children and also whether the Piagetian tasks other than the 
Transformed Triangles Task and Additive Composition of 
Classes relate to pattern processing ability, particularly 


of younger children. 
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Ancther area of research connected with this study 


is the investigation of other pattern processes, such as 


copying, transposing and reproducing from memory. 


A desirable longitudinal research project would 
muverve, the study of pupils’ for whom pattern is the 
superordinate topic throughout their elementary school 


mathematics frogran. 
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PATTERN TEST A GEOMETRIC: LINEAR: INTERPOLATE 


Materials: Task card in colour 
Blank paper for responses 


items: 
#1 GC RW GC RW * RW [GC] 
#2 BE YE BS YS * YE. [BE] 
#3 Roi’ BI Roe RStee [iRS? Or BT ] 
#4 ec ce YS *°ct' cc | [ys] 
#5 RE GC * RC BE GC [GC or RE] 
#6 Ro ‘GS RS BW GS BE. * GS RS {RS] 
#7 ve Gc ye ‘GE YE GE YC *# YC [icc] 
#8 BSipo Pen naw Ree Bo- BS BC { BC] 
#9 GC* 25) BE os *" Yer BS [GS] 
#10 Ri, web i Row lt BS. xs") 
Directions: 


Oe ne ee a eS 


Look at the way each row of shapes is made up. 
Write on ycur piece of paper the shape with its colour that 
goes in the space. 


Time Allowed: Five minutes 


ee ae ee SS ee ee 


Scoring: 
The score is the total number of correct responses. 
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PATTERN TEST B GEOMETRIC: LINEAR: CONTINUE 


Materials: Task card in colour 
Elank paper for responses 


items: 
# 1 “BD. AYE-BD -YE BD { YE,BD ] 
#2 RD .GD. RS .GS es .GS RC 5.GC ] 
#3 RS oRS. 23D URS ao EVD [RS,RS] 
#4 BE BE-RC BE BE (.RC,BE] 
#5 GD YT YD GT GD YT [YD,GT] 
#6 GE. RE.GE YC .RE.YC GE RE GE fav. ps | 
#7 YC YC YE GD GD. GS YC YC YE {GD,GD] 
#8 RA BHR OBS RS BS .RH BH JRA GBS i2n0 } 
#9 YD BH GD YH BD { GH, YD] 
#10 RG|BDAGC eRD. BC { GD, RC ] 
Directions: 


a as Ss 


Look at the way each row of shapes is made up. 
Write on your piece of paper the two shapes with their 
colours that come next on the right. Place the blank sheet 
of paper under the right hand edge of the task cards. 


Time Allowed: Five minutes 


The score is the total number of correct responses 
each of which consists of two elements in the right order. 
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GEOMETRIC: 


Task card in colour 


LINEAR: 


Blank paper for responses 


#1 


#2 
#3 
#4 
#5 
#6 
#7 
#8 
#9 


#10 


Directions: 


Look at the way each row of shapes is 
of paper 


Write on your 


piece 


(6c, YB} 
(BW, RW] 
[YW,GE] 
[GC, GC] 
{YT,BC] 
[BC,GC] 
[BS,BC] 
[GW,YW] 
[GT,BE] 


[GS,RC] 
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ET 


YW 
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BT 
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RW 
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RT 
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YE 


RT 
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BC 


RW 


XS 


GE 
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BW 


GE 
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RE 


GS 


BT 


RS 


cclours that come next on the left. 
of paper under the left hand edge of the task card. 


Time Allowed: Five minutes 


The score 
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up. 


the two shapes with their 


Place the 


blank 


sheet 


is the total number of correct responses 
each of which consists of two elements in the right order. 
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PATTERN TEST 


Materials: 


#2 


#3 


#4 


#5 


#6 


#7 


#8 


#9 


#10 


Task card in colour 


D 


GEOMETRIC: 


LINEAR: 


Blank paper for responses 


ET 
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RS BS 


RT BS 


GS GS 
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Directions: 


_. ——— 


Lcok at the way each row of al a is made up. 
Choose the shape with its colour that you hink comes next. 


Time Allowed: Five minutes 


Scoring: 
The score is the total number of correct responses. 
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PATTERN TEST E GEOMETRIC: LINEAR: GENERATE 


ee Se 


Cardboard circles, squares and triangles in red, 
blue, green and yellow (144 pieces) 


; You have been working with patterns going along 
ina row. Use your coloured shapes to make patterns of your 


Recording of Responses: Each child's patterns are 


ee we we ee Shes Se oe a 


Time Allowed: Ten minutes 


For each sequence, one point for a pattern in the 
shapes and one point for a pattern in the colours. Two 


points for ccmplexity beyond the level of alternating shapes 
and/or colours, or reflection around the middle element. 
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PATTERN TEST F GEOMETRIC: MATRIX: INTERPOLATE 


iten #1 
=a... i ia” a aT aces ee 
{ i I | { 
{ sou { YE { Be | YE { 
{ I { { { 
er a 
{ { | | 
iS) WE) |) Teer pve ei tiered i 
{ | l { | 
eater paises knee i] 
| l { | { 
{ BT i Pee Wy eBay ey YE | 
: | { | { 
———— 2 Bie signs 8 ea a | 
| | { | | 
| YE { BT { YE BT { 
{ | { | | 
[eh ee ee eh et] 

Directions: 


ee ee ee ee ee 


In. this kind of puzzle there is a pattern going 
both ways, sideways and up and down. Try to find how the 


shapes go tkoth ways. Write the shape and its colour that 
you think goes in each empty space. 


Time Allowed: Seven minutes 


SS Se eee 


Scoring 


Within each item, one point if the colour in all 
four cells is correct, and one point if the shape in all 
four cells is correct. The score is the total number of 


points. 
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PATTERN TEST G GEOMETRIC: MATRIX: CONTINUE 


Materials: Task cards in colour 
Blank paper for responses 


l l { 
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I i i 
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(ae {BR pot 
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l | 
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;°BT { YE -{ BY | YE | BT 
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Directions: 


in “this: “hindjot pugzle there sia pattern going 
both ways, sideways and up and down. Try to find how the 
shapes go k;oth ways. Write the shape with its colour that 
you think comes next both ways. Place your task card in the 
top left hand corner of the sheet of paper. 


Time Allowed: Seven minutes 


ee a ae SSS Sa we = 


Each vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 
pceints. 
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PRttone TEST #8 GEOMETRIC: MATRIX: REVERSE 


Materials: Task cards in colour 
Blank paper for responses 


| l 1 | | 
RC Gs: [(VRSi Ge 7 RC | 
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re l I i 
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| \ t i { 
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SSS EE EE Eee 


Directions: 


ee ee we Se 


In this kind of pea there 1S a_ pattern going 
both ways, sideways and up and down. Try to find how the 


shapes go koth ways. Write the shape with its colour that 
you think comes next both ways. Place the task card in the 
bottom right hand corner of the sheet of paper. 


Time Allowed: Seven minutes 


Each vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 
points. 
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PATTERN TEST. I GEOMETRIC: : MAPRIX: SELECT 


SS SSS 


iten #1 
to eee een ee ee 
| | { { t GG §GS 
| YC { GS i YC { GS { 
{ { { { ess: “Ye 
= [ae SS eS 
| | ( ( { YS GC 
| YC { GS | YC { GS { 
{ { | { [yo «Gs 
oo 
| { | | 1 GC GS 
| Gs | YC | GS | YC | 
| l | | fers YC 
Gao oahmreeneag Sane Se (a SS 
j l { a | ! Gc YC 
{ Gs { YC | GS { YC | 
I | | | pers Ss 
| Ca ee Re a ed tn 


Directions: 


In this kind of puzzle there is a pattern going 
both ways, sideways and up and down. Try to find how the 


shapes go both ways. Choose the shape with its colour that 
you think ccmes next both ways. 


Time Allowed: Seven minutes 


Each vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 
points. 
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PATTERN TEST J GEOMETRIC: MATRIX: GENERATE 


Two cards each marked with a five by five 
matrix. 

Cardboard circles, squares and triangles in red, 
Elue green and yellow (144 pieces) 


You have been working with patterns going across 
as well as dcwn. Use your coloured shapes to make patterns 


of your own. 


Recording of Responses: Each child's patterns are 
photographed in cclour. 


For each of the two matrices, one point for each 
linear sequence beyond the first in both the horizontal and 
vertical directions, for patterns incorporating shape and 
colour, the three transformations of reflection, translation 
and rotaticn being taken into account. Two points for each 
matrix allocated for complexity in the form of three or more 
shapes or cclours. The score is half the number of points. 
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PRICERN TEST K NUMERICAL: LINEAR: INTERPOLATE 


Materials: Task card in colour 
Blank paper for responses 


items: 
#1 AS 42. tT Peg [10] 
#2 Se OE 2 toate Co) 
#3 3187 loess ( 18] 
#4 SO: egy Te a [8] 
#5 36 30.28 * 1276 bao: 
#6 4 * 8 6 12 9 [3] 
#7 3469 * 18 {13] 
#8 23) Ve I 3 (oy) 
#9 26 20.15, * "6 6 {11} 
#10 i tune at at cl jlo 4 [4] 
Directions: 


SS es Se Sw See 


Look at the way each row of numbers is made up. 
Write on the piece of paper the number that goes in the 


space. 


Time Allowed: Six minutes 


Scoring: 
The score is the total number of correct responses. 
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PATTERN TEST L NUMERICAL: LINEAR: CONTINUE 


Materials: Task card in colour 
Blank paper for responses 


items: 
#1 20 25 30 35 40 45 * * [50 55] 
#2 2batGat? 15 la, Wh Se an 690.7) 
#3 6 12 18 24 30 36 * * [42 48] 
#4 2 3 546) 8 Dat ee £ Wh 1:2) 
#5 3632428 24 920, 16, * 0% 4 [612 08] 
#6 45) 8912 43 * oH) 4-16 17) 
#7 2-3 Sei 12) Agta anf 23) 303 
#8 £7, 24S 32-42% 22 Her oy [47 442] 
#9 3 \-t Gude 9 12% &— 4512516) 
#10 1248 1632 * * [64 128] 
Directions: 


ee a SS 


Look at the way each row of numbers is made up. 
Write on the piece of paper the two numbers that come next 
on the right. Place the blank sheet of paper under the 
right hand side of the task card. 


Time Allowed: Six minutes 


Scoring: 
The score is the total number of correct responses 
each of which consists of two elements in the right order. 
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PATTERN TEST 


SS SSS 


# 1 
#2 
#3 
#4 
#5 
#6 
#7 
#8 
#9 


#10 


Directions: 


M NUMERICAL: 
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30] 


27] 
10] 
26] 
41] 
16] 


8] 


LINEAR: 
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8 10 12 14 16 18 
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14 60 16 
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Look at the way each row of numbers is made 
Write on the piece of paper the two numbers that come next 


Place the blank sheet of paper under the 


on the left. 


hand side of the task card. 


Time Allowed: Six minutes 


Scoring 
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Die 
left 


The score is the total number of correct responses 


each of which consists of two elements in the right order. 
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PATTERN TEST N NUMERICAL: LINEAR: SELECT 


Materials: Task card in colour 
Blank paper for responses 


items: 
67 77 
#1 41 22 33 44 55 66 
: 65 88 
48 43 
#2 12 18 24 30 36 42 
46 50 
18 16 
#3 18 19° 20-ston 16 47 
42. 40 
9 8 
#4 4898 14 8 
18 19 
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3 10 
#6 951845 2 
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7 Aah 220 
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2) 22 
#10 Aves 1G. 7.1 
dione © 
Directions: 


Lcok at the way each row of numbers is made up. 
Choose the number that you think comes next. 


Time Allowed: Six minutes 


Se ws SS See SS 


Scoring: 
The score is the total number of correct responses. 
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PATTERN TEST O NUMERICAL: LINEAR: GENERATE 


Materials: Plank paper 


You have been working with patterns getng adong “inea row. 
Now it's your turn to make five patterns of your own. Use 
as least six numbers in each pattern. 


er ee ee eee Se Se ee 


Iwo pcints for each pattern according to the 
following scheme: 


© points: a. A repeated sequence 
b. Attempt but i. no pattern obvious 


ii. insufficient information 
c. Not attempted 


T-point : ae Soest apie of multiples which would originate 
at 
kt. Odd numbers 
c. The relationship(s) in one complex sequence 
; repeated in another sequence, for example, 


1-2, 4,5, 7, 8 
a S266) 17 Sy V0 


2 points: A complex sequence, for example, 
multiples not originating at 0 


Alternating sequences 
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PatLERN TEST \P NUMERICAL: MATRIX: INTERPOLATE 


Materials: Prepared response sheet 


item #1 
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Directions: 


In this kind of puzzle there is a pattern going 
both ways, sideways and up and down. Try to find how the 
numbers go beth ways. Write the number that you think goes 
in each empty space. 


ime Allowed: Eight minutes 


Scoring: For each item, two points if the four elements are 
correct; one point if. two or three elements are correct. 
The score is the total number of points. 
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Parton TEST Q NUMERICAL: MATRIX: CONTINUE 


Materials: Prepared response sheet 


Item # 


Directions: 


In this kind of pues there is a _ pattern going 
both ways, sideways and up and down. Try to find how the 


‘numbers go koth ways. Write the number that you think goes 
in each empty space. 


Fach vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 


points. 
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PATTERN TEST R NUMERICAL: MATRIX: REVERSE 


Materials: Prepared response sheet 


Directions: 


If: this) skind jot pants there is a pattern going 
both ways, sideways and up and down. Try to find how the 
numbers go koth ways. Write the number that you think goes 


in each empty space. 


SGOLLNG = 
Fach vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 


points. 
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PATTSEaN TEST S NUMERICAL: MATRIX: SELECT 


Materials: Prepared response sheet 
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In. this, Kind ,of beac there is a _ pattern going 
both ways, sideways and up and down. Try to find how the 


numbers go both ways. Choose the number you think comes 
next in each row and column. 


Scoring: 
Fach vertical and horizontal line of four correct 
responses earns one point. The score is the total number of 


points. 
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EATLERN. TEST T NUMERICAL: MATRIX: GENERATE 


Materials: Two blank four by four grids 


You have been Wouhet with patterns gosu8 across 
as well as dcwn. Now it's your turn to make two patterns of 


your own. 


Time Allowed: Eight minutes 


Scoring: Fight points for each matrix according to the 
following scheme: 


1 point-: ae Each row and column with a recognizable 
pattern 
b. 16 cells filled by the 1 to 16 sequence 
C. One line repeated four times 


et each line of one direction is a set of 
consecutive numbers, two points only are earned, with one 


point if any one line is not correct. If another sequence 
appears in the other direction, one further point is 
recorded. 


“Points are earned, for. one direction only 1f one 
consecutive sequence is used or if the pattern is identical 


both ways. If the matrix is correct, one further point is 
recorded. 


Two additional points are allocated for complexity: 
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APPENDIX B 


HOLLAND TEST SERIES 
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HOLLAND TEST SERIES TRANSFORMED TO COLOUR-SHAPE PROBLEMS 


Colour: 
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NUMBER KNOWLEDGE TEST 
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